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ABSTRACT
Coal washery reject is a byproduct of the coal washing process and is produced at over a
hundred million tonnes per year in Australia. While its potential use as structural fills
has been recognised in past research studies, the effects of particle breakage and the
level of relative compaction on its geomechanical performance have not been
investigated. This waste material contains fine-grained coal tailings and coarse-grained
coal rejects (coalwash), and since it is readily available close to coal mining operations,
its utilisation as structural fills have both economic and environmental advantages.
Previous research studies have mainly focused on characterising the geotechnical
properties of coalwash, which means less emphasis has been given to investigating the
characteristics of particle breakage and compaction, and its influence on the stress-strain
behaviour.

This research work investigates the behaviour of saturated and compacted coalwash at
various levels of relative compaction and proposes a new constitutive elasto-plastic
model. An extensive program of laboratory tests on compacted coalwash under a broad
range of stress paths in both compression and extension were carried out. These tests
involved probing the stress paths to investigate the form of the yield surfaces of
specimens at different levels of compaction, and generally included shearing to failure
to investigate the critical state conditions. The particle size distribution of specimens
before and after compaction, and after shear probing, were also studied, after which the
experimental data were used to develop the new model and calibrate its performance.

The experimental results showed that large particle breakage occurs during compaction
and at shearing stages so its influence on the shear strength and change in volume was
iii

investigated. Particle breakage is linked to the distinct critical state line for drained and
undrained shearing in volume space. The experimental results also showed that
anisotropy had no apparent influence on the critical state of saturated samples. Critical
states can be represented in the q-p' plane by a single straight line passing through the
origin, while the yield surface can be represented by a distorted pear shape passing
through the origin. Moreover, the level of compaction energy has a strong influence on
the size and shape of the yield surface. A novel approach is proposed based on the
shadow projection method to generalise the yield surface in a three-dimensional stress
space.

A new constitutive model incorporating anisotropy and particle breakage was
formulated based on the experimental observations; this model includes a capped yield
surface that is a function of compaction effort, stress ratio, and anisotropy. A new
critical state surface model is proposed that defines the change of critical state with an
increase in particle breakage. To estimate the plastic strain induced by breakage, an
empirical relationship between the amount of work done and particle breakage due to
shearing was introduced. To integrate the model into a numerical solution scheme, the
governing elasto-plastic rate equations were incorporated into the finite element
software ABAQUS using a subroutine coded in FORTRAN. The constitutive model
was calibrated and verified using the results of drained and undrained triaxial tests of
CW. Finally, this model was also validated under plane strain conditions and then
compared with the laboratory results of a model footing. Practical implications of the
results are also discussed.
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CHAPTER ONE

1 INTRODUCTION

1.1

BACKGROUND

Coal washery reject is a byproduct of the coal washing process and its production
exceeds a hundred million tons per year (Armitage, 2012). This waste material generally
contains coarse-grained coal reject (coalwash) and fine-grained coal tailings in
proportions between 89:11 and 67:33 by weight (Davies, 1992). The potential for
reusing and recycling of granular wastes like coalwash as a fill material for earthwork
construction, embankments and structural fill in port expansion projects has important
economic and environmental advantages (Leventhal and de Ambrosis, 1985; Indraratna
et al., 1994). While previous studies focussed on characterising the geotechnical
properties and associated particle breakage of coal mining wastes (e.g. Kettle, 1983;
Seddon et al., 1986; Williams and Morris, 1990; Montgomery, 1990; Canibano et al.,
1990; Skarżyńska, 1995a; Hegazy et al., 2004; Fityus et al., 2008 and Rujikiatkamjorn
et al., 2012), less emphasis has been given to investigating how the level of relative
compaction affects the stress-strain behaviour with respect to particle breakage. This is
important because significant breakage occurs during compaction (i.e. Rujikiatkamjorn
et al., 2013), which likely influences the shear strength and deformation characteristics.

It is also imperative that breakage during shearing be quantified in order to understand
how particle degradation affects the shear strength behaviour of granular materials.
While the influence of particle degradation on shearing is relatively well established for
granular materials such as sands, only limited studies have reported the behaviour of
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granular wastes such as coalwash. Been et al (1991) reported that a bilinear critical state
line (CSL) exists for drained and undrained shearing of sands, and Yamamuro and
Lade, 1996) showed that the sharp change in the CSL slope was associated with a larger
incidence of particle breakage. Similar observations for mine tailings were also reported
by Bedin et al., 2012), while Russell and Khalili (2004) identified a third linear segment
of the CSL where compression was the main governing deformation mechanism.
Moreover, the numerical study by Wood and Maeda (2008) showed that the location of
CSL is associated with the evolution of particle grading during shearing and suggested
that a possible critical state surface exists, as described by the change in specific volume
and compression slope.

In this thesis, an experimental study on a selected and compacted coalwash (a ratio of
80:20 coarse to tailings) was carried out to characterise the influence of compaction and
particle breakage on its corresponding stress-strain behaviour. The results showed that
coalwash with less than 20% tailings can be used as structural fill (e.g. Port
reclamation). A constitutive model based on the general elasto-plastic framework that
considers particle breakage and compaction induced anisotropic yield surface is
proposed to analyse the drained and undrained state of this material. Finally, a
numerical code for the constitutive model was developed to use in FEM software
calibrated using the results of triaxial tests and validated using plane strain footing tests.
1.2

RESEARCH MOTIVATION

The main motivation for this study is linked to an industrial project to extend the outer
harbour at Port Kembla, located approximately 10km south of Wollongong city. Port
Kembla is one of the major commercial ports on the east coast of NSW, Australia that
currently operates from its inner harbour. Port Kembla Port Corporations (PKPC) plans
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to develop the outer harbour to provide additional load and berthing facilities to meet
the demand for future growth; this includes the construction of seven new berths and
additional land facilities covering approximately 42 hectares. Based on existing
geological information at Port Kembla, volcanic sandstone bedrock was found at the
bottom of the Outer Harbor area (RL -15 to -20m) overlying a relatively thin layer of
estuarine clay (Stroud et al. 1985). The nature of reclamation fills proposed at Port
Kembla would define a significant factor for total settlement, aside from its obvious
impact on long term settlement and load bearing capacity. If the port foundations are not
stabilised properly, large settlement of fill material and unacceptable differential
movements and lateral displacement could cause failure to the main structures and
adjacent facilities (e.g. retaining walls, pipelines). Industrial wastes such as blast
furnace slag have already been used as fill material for land development in the inner
harbour. However, due to its now limited supply for developing the outer harbour,
PKPC is considering the use of coalwash, but its behaviour as structural fill subject to
in-service conditions at the Port is not clearly understood.

In view of the above, a comprehensive laboratory investigation under expected field
conditions is needed to assess its suitability. This investigation characterised the
geotechnical behaviour of coalwash and provided recommendations for practicing
engineers about its characteristics in terms of controlling compaction, shear strength,
and particle breakage.
1.3

OBJECTIVE AND SCOPE

The aim of this study is to investigate the geomechanical behaviour of compacted
coalwash to gain an insight into the effects of particle breakage and compaction induced
anisotropy on the stress-strain results. A range of compaction and confining pressures
3

were used to represent the expected field loading conditions, as was monotonic loading
under saturated drained and undrained conditions to mimic a long and short term
analysis. The specific objectives are as follows:



To evaluate the basic geotechnical properties of coalwash, including specific
gravity, particle size distribution, plasticity index, compaction characteristics,
permeability and particle degradation due to alternate wetting and drying cycles.



To evaluate the drained and undrained behaviour of compacted coalwash in
order to assess the stress strain behaviour. Isotropic compression and different
stress paths under drained conditions were considered, apart from constant
confining pressure under undrained conditions. A range of confining pressure
and levels of compaction were used to investigate the stress-strain and particle
breakage of coalwash, while the critical state and change in volume were also
investigated.



An analytical model that considered an elasto-plastic framework was formulated
to predict the stress-strain of coalwash while incorporating the effect of breakage
and anisotropy.



The constitutive model was implemented into the finite element software
(ABAQUS) by developing a UMAT subroutine.
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1.4

ORGANISATION OF THE THESIS

This thesis is divided into seven chapters that are organised as follows:

This chapter 1 outlined the background for this research that is highlighted in the scope
and objectives. Chapter 2 reviews previous literature available on the characteristics of
coalwash, with an emphasis placed on the characteristics of compaction, permeability,
strength, and particle breakage. A study of various methods for estimating particle
breakage is also included, as well as a discussion on the analytical relationship
describing the anisotropic yield surface and particle breakage.

Chapter 3 describes the experimental testing program where the geotechnical properties
of stockpiled material such as particle size distribution and plasticity indices are
identified, followed by a discussion into the parallel particle size distribution (PSD)
selected for this study. The test results of basic geotechnical properties such as specific
gravity, compaction characteristics, particle breakage due to compaction effort and
permeability are then presented. This chapter also covers the experimental results of
alternate wetting and drying cycles of selected particles of coalwash, followed by a
description of the testing equipment, and sample preparation and test procedures.

Chapter 4 reports on the stress-strain behaviour in a drained condition under various
confining pressures and at different levels of relative compaction, followed by an
examination of undrained stress-strain behaviour under various confining pressure and
relative compaction. Particle breakage after compression and shearing were analysed, as
are the critical state from the stress-strain results and volumetric behaviour. The
laboratory results from the compressibility of coalwash through isotropic and various
5

stress path in compression and extension plane are presented and discussed. Finally, the
yield stress from the stress-strain results and an analytical relationship defining the yield
surface is presented.

Chapter 5 describes the elasto-plastic analytical model developed for the compacted
material based on the experimental findings. A novel technique to represent the yield
surface in -plane is presented, and a critical state surface model and breakage – work
done relationship for coalwash is proposed. The approach used to define the appropriate
flow rules and hardening function are also presented.

Chapter 6 presents the implementation of the constitutive model developed in Chapter 5
in an appropriate numerical approach (i.e. ABAQUS), followed by a report on the
model calibration using the experimental results from the drained and undrained
conditions presented in Chapter 4. Model simulations are compared to the test results in
drained and undrained conditions. Finally, the validation of plane strain numerical
simulation with results from laboratory footing tests at two different levels of
compaction is presented.

Finally, Chapter 7 provides the conclusions and a summary of main findings of this
research, and recommendations for further research. The References and Appendices
are listed after Chapter 7.
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CHAPTER TWO

2 LITERATURE REVIEW

2.1

INTRODUCTION

This chapter discusses previous research into the properties and practical applications of
coalwash (CW). It begins with an introduction to the physical, chemical, geotechnical
properties and engineering applications of CW, presents past studies on particle
breakage and the anisotropic behaviour of granular materials, reviews previous studies
on modelling granular material exhibiting particle breakage and anisotropy, and then
summarises the chapter.

2.2

GEOMECHANICAL PROPERTIES OF COALWASH

Coalwash (CW) is a granular waste byproduct stemming from coal mining industries,
whose production has been rapidly increasing to cater for the rapid growth in
urbanisation and population around the world. In Australia, coal mining operations
generate a few hundreds of millions of tonnes per year of colliery spoil or coal washery
reject (Armitage, 2012). The quantities of CW produced in Australia are evenly divided
between the two primary coal mining states, New South Wales and Queensland. The
main coal basins in Australia are shown in Figure 2.1. (Rujikiatkamjorn et al., 2013). In
New South Wales, the amount of coal rejects produced each year is some 25-40 wt% of
the total run-of-mine coal (Lu and Do, 1992).
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Figure 2.1 Locations of Black coal basins in: (a) Australia and (b) Illawarra region (after
Rujikiatkamjorn et al., 2013)
This waste material usually contains coarse-grained coal reject (coalwash) and finegrained coal tailings in proportions between 89:11 and 67:33 (Davies, 1992). It is
readily available near the coal washery, so the potential reuse and recycling of coalwash
as fill material for earthwork construction, embankments, and/or structural fill materials
in port expansion projects, has significant advantages from economic and environmental
perspectives (Leventhal and de Ambrosis, 1985; Indraratna et al., 1994; Skarżyńska,
1995a).
2.2.1

Production process

The extraction of raw coal from mining operations contains many impurities such as
shale, sandstone, mudstone, particles from parent rock, and non-carbonaceous material
within the coal seam (Figure 2.2). To produce pure coal free of impurities, the raw
material undergoes four stages of separation: comminution (i.e. crushing larger particles
into smaller ones), size reduction, concentration, and dewatering. These steps are very
important because a specified coal with the necessary physical and chemical properties
8

can be produced by removing high ash material. CW is produced at the concentration
stages where refuse is removed from clean coal. Various techniques are available but
perhaps the most widely used is a conventional separation technique using gravity.
Since the specific gravity of pure coal is much lower than other waste rock materials,
pure coal floats on top of the other materials in the bath while the coarse impurities
fraction known as coal washery rejects (or coalwash) settles on the bottom of the bath,
thus facilitating their separation. The fine fractions of coal washery rejects are usually
produced in the second stage of flotation and are disposed of in the form of slurry in
tailing ponds (Holubec, 1976; Albrecht, 1980; Leventhal and de Ambrosis, 1985;
Indraratna, 1994; Mackinnon and Swanson, 2010).

Figure 2.2 Rock formation accompanying the coal deposits ( after Skarżyńska, 1995a)

Washery rejects can be classified into fine grained (less than 0.5mm or 0.1mm) or
coarse-grained (0.5mm to 50mm) depending on the mechanisms by which they are
produced, while the coarse fraction is the one that is usually used as fill material
(Indraratna, 1994).
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2.2.2

Chemical and physical properties

Coalwash contains residues of fine-grained carbonaceous parent rocks with small
amounts of coal, and fragments of shale and sandstone (Leventhal and de Ambrosis,
1985; Okagbue and Ochulor, 2007). Particles are usually in a plat-shaped elongated
form where the ratio of length to thickness is more than 3 (Holubec, 1976). The typical
chemical composition and X-ray diffraction of coalwash is presented in Table 2.1 and
Table 2.2, respectively.
Table 2.1 Chemical composition of coal washery rejects
Component

Leventhal and de Ambrosis

Lu and Do (1992)

(1985)
Ash (mainly SiO2 and Al2O3)

40-66%

69.1

Carbon

19-32%

10.7

Sulphur(maximum)

0.4%

-

Table 2.2 X - ray diffraction results of coalwash (Leventhal and de Ambrosis, 1985)
Component

Proportion

Kaolinite and illite

52%

Quartz

29%

Siderite

5%

Feldspar

2%

Pyrite

1%

Montmorillonite-Illite

<5%

Gorceixite

<5%

The pore volume distribution investigated using mercury porosimetry indicates that coal
rejects consist mainly of micropores and mesopores that are less than 50nm in diameter
(Figure 2.3), and where the surface area is generally attributed to the micropore surface.
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However, in the raw coal reject where mesopores cover a large portion of the pore
volume, the mesopore surface area is just as significant (Lu and Do, 1992).

Figure 2.3 Pore volume distribution of coal rejects measured using mercury porosimetry
(after Lu and Do, 1992)
2.2.3

Geotechnical Properties

2.2.3.1 Particle Size Distribution (PSD)
The particle size of run-of-mine coal is influenced by the procedure in which coal seams
are worked and by the sophistication of the coal preparation technique, so it is divided
into coarse and fine fractions. The particle size for coarse fractions is between 0.075100mm and between 0.001-1mm for fine fractions. The particle size distribution of
coarse and fine fraction rejects used in different studies is shown in Figure 2.4, where it
is obvious the CW particle size distribution varies considerably due to the different
production techniques implemented in mining plants. Therefore, the geotechnical
properties of coalwash can vary significantly based on the type of coalwash and its
PSD.
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Figure 2.4 PSD curves for both fine and coarse fraction of coalwash reported by
different studies
2.2.3.2 Plasticity properties
The values for the liquid limit and plastic limits of finer fractions are subjected to the
type of parent rock, the processing technique, the clay content, and the type of clay
minerals. Table 2.3 summarises Atterberg's limits for CW, and shows that a wide
variation of the limits reported in the literature, but a range typically in the low to
medium plasticity can be identified.
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Table 2.3 Atterberg's limits for coalwash (fine fraction)
Reference

Liquid limit

Plastic Limit

Plasticity Index

(LL)

(PL)

(PI) (%)

(%)

(%)

Saxena et al., 1984

27

15

12

Hegazy et al., 2004

31.2

20.1

11.1

Okagbue and Ochulor, 2007

32

21

11

Fityus et al., 2008

28.7

19.4

9.3

Indraratna et al., 2012

27.2

17.7

9.5

2.2.3.3 Specific gravity
The specific gravity (Gs) of coalwash varies from one source location to another, where
it depends on the quantities of the types of rock present, so it can range from about 1.5
to 2.8. The lowest values correspond to coalwash having the highest amount of coal
because the specific gravity of coal ranges between 1.27 and 1.47 (Skarżyńska, 1995a).
The effects of carbon on the specific gravity of coal rejects are shown in Figure 2.5,
while Tables 2.4 and 2.5 contain the Gs values reported in the literature. The specific
gravity of tailings (fine fractions) is generally lower than the coarse fraction (Holubec,
1976), and also the Gs of coalwash is much lower than conventional materials. Due to
the micro and mesoporosity structure of CW particles, the bulk specific gravity (i.e.
without crushing the larger particles) is lower than the actual values, so to obtain
accurate values of Gs, Saxena et al. (1984) suggested that CW particles should be
pulverised down to fine fractions.
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Figure 2.5 Effects of carbon content on specific gravity of coal refuse material (after
Hegazy et al., 2004)
2.2.3.4 Compaction Characteristics
The compaction characteristics of coal washery rejects were studied in several past
studies and indicated that the compaction curve was not identical. The maximum dry
unit weight (MDUW) depends fundamentally on the grain size distribution, the type of
CW, and the chemical composition and the amount of fines. The dry unit weight of
coalwash typically varies between 12.5 and 21kN/m3, whereas the associated optimum
moisture content (OMC) can range from about 6 to 20% (Oweis and Khera, 1990). In
Figure 2.6, the compaction curves of CW obtained from different sources is shown. A
summary of MDUW, OMC and the Gs is presented in Table 2.4.
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Table 2.4 Summary of compaction characteristics of coalwash
Investigator

Source

Gs

OMC (%)

Holubec, 1976

US

1.75-2.5

9-21

MDUW
(kN/m3)
14.5-18.9

Thomson and Rodin, 1972

UK

1.8-2.7

4-16

14.7-20.6

Hegazy et al., 2004

Australia

1.3-2.3

6.4

19.7

Okagbue and Ochulor, 2007

Nigeria

1.74-2.04

19.8

13.0

Rujikiatkamjorn et al., 2013

Australia

2.13

10.4

16.2

Gs - Specific gravity; OMC - optimum moisture content; MDUW- maximum dry unit
weight

Figure 2.6 Compaction curves for coalwash sourced in different locations.
2.2.3.5 Permeability
Permeability depends on the particle size distribution, void ratio (or density), pore
structure, content of fines, and chemical composition, but for compacted CW, the
amount of compaction energy and the moisture content adopted also affects
permeability. The permeability of a CW specimen compacted at OMC is two to three
times lower than a specimen compacted at the dry side of OMC (Mitchell and Soga,
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2005; Saxena et al., 1984). The values of CW permeability reported in several past
studies are presented in Table 2.5.

Table 2.5 Summary of permeability properties of coalwash
Investigator

Description of coalwash

Gs

Permeability(m/s)

Holubec, 1976

Compacted FF

1.4-2.22

1.0x10-6- 1.0x10-5

Fresh uncompacted CF

1.0x10-3

Well compacted CF

1.0x10-9-1.0x10-5

Saxena et al.,
1984

CF (dmax =50mm and
d50=14mm)

2.24-2.57

3.6x10-8 – 1.1x10-4

Leventhal and
de Ambrosis,
1985

CF (dmax=100mm,d50=10mm )
and FF(dmax =0.1mm,
d50=0.005mm)

1.75-2.15

1x10-6-1x10-4

Williams and
Morris, 1990

FF (dmax =0.1mm,
d50=0.01mm)

1.25-2.20

3.0x10-9

Indraratna,
1994a

CF (dmax =10mm) and

2.10-2.14

4.5x 10-2

Indraratna et al.,
1994b

FF (dmax =0.2mm,
d50=0.0015mm & e=0.34)

1.83-2.19

6.0x10-8

Qiu and Sego,

FF(dmax =2mm and

1.94

4.0x10-9 – 1.1X10-7

2001

d50=0.029mm)

Hegazy et al.,
2004

FF (d50=0.127mm)

1.27-1.77

3x 10-10- 2.4 x 10-7

Rujikiatkamjorn
et al., 2013

dmax =10mm and d50=2.5mm

2.13

6.0x10-10 – 1.0x10-8

1x10-9-1x10-8

5.0x10-3

FF (dmax =1.2mm)

e=0.304-0.428

CF-coarse fraction; FF-fine fraction
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2.2.3.6 Shear strength
Coalwash is a granular material that usually exhibits a straight line Mohr's circle failure
envelope. However, curved failure envelopes do occur occasionally with compacted
samples where particle breakage occurs. The cohesion of coarse fraction coal refuse is
relatively small and is usually ignored for the shear strength. Table 2.6 summarises the
shear strength properties of coal wash reported in the literature. There is a wide
variation in the friction angles and cohesion values for CW. The percentage of fine
fractions, particle size distribution, void ratio, and confining pressure are the main
parameters affecting the strength of coalwash, although the chemical composition of
parent rock and the washery technique adopted also has an influence on its strength.
Figure 2.7 indicates a wide range of friction angles against the void ratios, and also
shows that the range of shear strength for coalwash is very wide (Busch et al., 1975;
Leventhal and de Ambrosis, 1985).

Table 2.6 Summary of strength properties of coalwash
Investigator

Description of coalwash

Friction angle
(o)

Cohesion
(kPa)

Holubec, 1976

Coarse fraction (US)

28-41

0-24

Saxena et al., 1984

Coarse fraction (US)

24-43

0-45

Leventhal and de Ambrosis,

Coarse fraction (AUS)

37-45

0

Indraratna et al., 1994b

Fine fraction (AUS)

17-30

21-29

Hegazy et al., 2004

Fine fraction (US)

33-35

0-11

Okagbue and Ochulor, 2007

Coarse fraction(Nigeria)

54-86

12-17

Fityus et al., 2008

Coarse fraction (AUS)

32.4

0

1985
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Figure 2.7 Effects of void ratio on friction angle of coalwash (after Leventhal, 1996)
2.2.3.7 Application of Coalwash
Coalwash is generally classified as a suitable fill material in civil engineering
applications based on its geotechnical properties such as shear strength, permeability,
and compaction. The use of CW in various engineering structures, particularly in close
proximity to coal mines, has increased in past few decades, where coarse fractions are
usually recommended. Indraratna (1994) suggested that coarse fractions can be utilised
in the construction of tailing dams, mine access roads and fill embankments. It is also
reported that CW has been used extensively in sites across the Illawarra region, NSW
(e.g., McIntosh and Barthelmess, 2012). The various ways of utilising and recycling
CW is summarised by Skarżyńska(1995b), and they are shown in Figure 2.8. This runof-mine material can be mainly used for construction, land reclamation and as raw
materials for building material production. However, Skarżyńska emphasised that the
particle breakage characteristics of CW and its effects on geomechanical behaviour are
an important factor in evaluating its potential use as construction material.
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Figure 2.8 Utilisation of coal minestone (after Skarżyńska, 1995b)

2.3

PARTICLE BREAKAGE AND ITS EFFECTS ON GRANULAR
MATERIAL BEHAVIOUR

The important parameters that constitute the engineering behaviour of granular
materials, such as stress-strain-volume change, strength behaviour, development of pore
pressure and change in permeability, are closely related with the amount of particle
breakage incurred during service. This is because changes induced by particle breakage
alter the integrity of constitutive particles with respect to its grain size, shape, and
gradations (Lade et al., 1996). All granular materials at elevated stress exhibit a great
deal of particle breakage (e.g. Terzaghi and Peck, 1948; Bishop, 1966; Marsal, 1967;
Lee and Farhoomand, 1967; Vesic and Clough, 1968; Hardin, 1985; Been et al., 1991;
Hagerty et al., 1993; Yamamuro and Lade, 1996; Coop and Lee, 1993; McDowell et al.,
2002; Graham et al., 2004; Russell and Khalili, 2004; Mesri and Vardhanabhuti, 2009;
Hu et al., 2011; Zhang et al., 2013). However, some researchers indicated that the
amount of particle breakage is significant even at low confining pressure (Miura and OHara, 1979; Lade et al., 1996; Indraratna and Salim, 2002; Bedin et al., 2012). The
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effects of particle degradation on the mechanical behaviour of granular materials has
also been recognised in many previous studies (e.g. Marsal, 1967; Vesic and Clough,
1968; Indraratna et al., 1998; Ueng and Chen, 2000; Cheng et al., 2004; Wood and
Maeda, 2008; Kikumoto et al., 2010). In the following sections, particle breakage
quantification, factors influencing particle breakage, and the effects of particle breakage
on the engineering behaviour of granular materials are discussed.

2.3.1

Quantification of particle breakage

Different methods for quantifying the amount of particle breakage for computation have
been proposed, based on: (a) changes in the particle size (e.g., Lee and Farhoomand,
1967; Marsal, 1967; Hardin, 1985; Indraratna et al., 2005; Einav, 2007; Wood and
Maeda, 2008), (b) the probability of particle fracture (McDowell et al., 1996) and (c)
creating a new surface area (Miura and O-Hara, 1979). In most of these methods,
various empirical parameters or indices on variations in gradation after loading were
proposed as a particle breakage indicator. Some particle breakage indices are estimated
based on the changes in the size of single particles while others are based on total
changes in the overall particle size distribution. The method that quantifies the amount
of particle breakage based on overall variations of PSD assumed a lower bound of
particle size distribution limits.

Marsal (1967) measured changes in the particle size distribution of rockfill materials
after the application of stress using large-scale triaxial tests, and noticed some
differences in the percentage retained on each sieve size; some sizes were positive and
others were negative. He defined the breakage Bg as the total sum of positive values
with a lower limit of zero representing no particle breakage but a theoretical upper limit
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of unity (100%) that represents all particle breakage reduced to sizes below the smallest
sieve size used. Lee and Farhoomand (1967) investigated the effects of particle crushing
on plugging of dam filters and expressed the changes in a single particle size (15%
passing, d15) as a particle breakage indicator; this is a critical parameter in filter design.
Miura and O-hara (1979) proposed the change in grain surface area (∆S) as a measure
of particle breakage, on the assumption that when particles break, new surfaces will be
created. In this method, the specific surface area of each particle size (i.e. sieve size) is
estimated by assuming that all particles are perfectly spherical. The change in particle
size distribution before and after the shearing test along with the specific surface area,
were used to calculate the change in surface area ∆S, this has a lower limit of zero and
no theoretical upper limit, but this method cannot be applied to coalwash because the
particles are usually in a plat-shaped elongated form, and the length to thickness ratio is
more than 3 (Holubec, 1976).

Hardin (1985) introduced two different breakage quantities; the breakage potential Bp
and total breakage Bt, based on changes in particle size distribution and proposed the
relative breakage index as a ratio of total breakage and breakage potential (Br = Bt/Bp),
as a measure of particle degradation. Hardin (1985) referenced the boundary of
breakage potential to the largest silt size, 0.074mm. The objective of this limit was to
define their breakage potential Bp, which is equal to the area entrapped between the line
representing the upper boundary of the silt size d = 0.074mm and the initial particle size
distribution (PSD) curve (Figure 2.9). The total breakage Bt is equal to the area
entrapped between the initial and final PSD, as shown in Figure 2.9. Hardin’s relative
breakage Br has a lower limit of zero and an upper limit of 1.
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Figure 2.9 Hardin's relative breakage index Br

Indraratna et al. (2005) introduced the Ballast Breakage Index (BBI) to quantify ballast
breakage after studying the key features in the changing PSD curves for ballast material.
They reported that previous triaxial testing on ballast indicated that particle degradation
causes a shift in the initial particle size distribution towards small particle sizes, while
the maximum size remained unchanged before and after loading. Therefore, instead of
defining the breakage potential based on a single size particle bound, they considered
the arbitrary boundary of maximum breakage by connecting the maximum and
minimum particle size by a straight line. The ballast breakage index (BBI) is defined as
a ratio between the area enclosed between the initial PSD and current PSD (A), and the
area enclosed between the initial PSD and arbitrary boundary (region A+B), as shown
in Figure 2.10. A similar method was proposed by Einav (2007) who modified the
arbitrary boundary of maximum particle breakage using the ultimate cumulative
function.
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Wood and Maeda (2008) proposed the grading state index IG, defined as the ratio of
ABC and ABD where ABD is the area under a limiting particle size distribution, as
shown in Figure 2.11. The grading state index IG has a lower bound of value 0 at the
narrowest, single-sized distribution (AB), and an upper bound of value 1 as grading
reaches the limiting distribution (AD). For sands tested at sufficiently high levels of
stress, particles tend to be crushed and the grading state index IG monotonically
increases from 0 to 1.

Figure 2.10 Ballast Breakage Index BBI (after Indraratna et al. 2005)

After considering the various methods for quantifying particle breakage, the breakage
index by Indraratna et al. (2005) was used in this study due to its simplicity in
computation and ability to provide a perception regarding the degree of particle
degradation from its numerical value.
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Figure 2.11 Evolution of grading and definition of grading state index IG (after Wood
and Maeda, 2008)
2.3.2

Factors influencing particle breakage

The amount of particle breakage in a granular material depends on several factors,
including the stress level, stress path, particle strength, void ratio, particle size and
shape, angularity, confining pressure, applied strain level, the number of load cycles and
degree of saturation (Bishop, 1966; Lee and Farhoomand, 1967; Marsal, 1967; Hardin,
1985; Lee and Coop, 1995, Lade et al., 1996; McDowell and Bolton, 1998; McDowell
et al., 2002; Indraratna et al., 2010). Bishop (1966) indicated that particle breakage
during shearing is much greater than during the consolidation stage. This was supported
by Coop and Lee (1993), who investigated the effects of stress path on Dogs Bay sand
at low to high stress, and found that particle breakage in isotropic compression was less
than the other stress path adopted (Figure 2.12). Lee and Farhoomand (1967) reported
that particle degradation is affected by angularity, particle size, particle size distribution,
and the magnitude of confining pressure, and observed that higher grain angularity,
larger particle sizes, and gradation uniformity contributes to an increase in particle
crushing. Daouadji and Hicher (2010) stated that the particle degradation of granular
material can occur in three possible modes, such as (a) splitting fracture – where a
24

particle breaks into smaller particles of similar sizes, (b) attrition – where a particle
breaks into a single particle of slightly smaller size and several much smaller ones, and
(c) abrasion – where the particle asperities break, resulting in the production of fine
particles (less than d10).

Figure 2.12 Effects of stress path on particle breakage (after Coop and Lee, 1993)
Furthermore, Hagerty et al., (1993) confirmed that angular particles are more
susceptible to breakage because of eccentric compression loading forces and higher
shear and tension stresses. Marsal (1967), and more recently Lade et al. (1996),
suggested that the presence of micro-fissures in crushed rock that derived from crushing
processes can enhance particle degradation. Particles generally fracture along these
defects and as it advances, the sub-divided particles contain fewer defects and are
therefore less prone to breakage. However, McDowell and Bolton (1998) and
McDowell et al., (2002) pointed out that the strength of a single particle decreases as its
size increases, and also reported that particle breakage depends on the fractal
distribution, the toughness of particles, and the variation of tensile strength among
particles and the angle of friction of the soil. This was supported by Indraratna et al.
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(2010) based on a DEM micromechanical investigation where particle breakage is
mainly due to tensile failure and is concentrated mostly in the direction of the
movement of particles. Other studies into the particle breakage characteristics of sand
indicated that the amount of particle breakage for Cambria sand is also a function of its
strain rate (Yamamuro and Lade, 1993), while the particle degradation process for
decomposed granite soil is probably one of the separation of particles amalgams, and
breakage along pre-existing fissures (Lee and Coop, 1995).

For coalwash, the main factors that induce particle breakage are typically related to
mechanical breakage, physical disintegration by the water dispersion of clay minerals,
and chemical weathering. Mechanical breakage usually occurs during coal cutting,
handling, disposal, compaction, and under monotonic or repetitive loading conditions.
Figure 2.13 shows an example of particle degradation associated with increasing
compaction, represented by a PSD shift to smaller sizes. Physical disintegration is
caused by the opening of existing discontinuities, the formation of new discontinuities,
the separation of grain boundaries, and the cleavage of mineral grains, whereas a change
in the chemical composition, such as the oxidation of pyrite that is present in shale and
carbonaceous particles causes chemical weathering, and the extent of weathering may
be significant (e.g. several metres below the surface). Past research studies indicate that
coal mining waste material undergoes substantial particle degradation during chemical
weathering that leads to a shift in the PSD when subjected to seasonal climatic wetting
and drying processes (Hauss and Heibum, 1990 and Skarżyńska, 1995a). For instance,
Skarżyńska reported a substantial shift in the PSD of materials stored in stockpiles due
to weathering, i.e. new fill, samples collected after 3-15 years and after 30 years (Figure
2.14). The main reason for this degradation is variations in the moisture content and
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temperature (i.e. seasonal climatic changes), and by water dispersion of the clay
minerals and other constituents. It is obvious that particle degradation causes an
increase in fine fractions and subsequently influences material properties such as
reductions in permeability and the shear strength.

Figure 2.13 Particle degradation in coalwash due to the compaction process

.
Figure 2.14 Particle degradation in coalwash due to the weathering (after Skarżyńska,
1995a)
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2.3.3

Effects of particle breakage

Particle breakage influences the mechanical behaviour of granular materials (e.g. sand,
mine tailings and other industrial waste aggregates). Some studies focussed on
evaluating the amount of particle breakage in terms of breakage factors or indices, while
others attempted to correlate the computed breakage indices with engineering
characteristics such as peak shear strength, compressibility, dilatancy, friction angle,
and the critical state friction angle and void ratio. Miura and O-hara (1979) investigated
the particle breakage of decomposed granite and reported that the maximum principle
stress ratio decreased linearly with increasing particle crushing rate at failure (dS/dW)f,
where dS represents a change in the surface area and a measure of the amount of particle
crushing, and dW represents changes in the work done, as shown in Figure 2.15. Muira
and O-hara (1979) also reported that particle crushing increased negative dilatancy and
reduced the peak deviator strength and similar findings has been reported in other
studies (Salim and Indraratna, 2004; Daouadji and Hicher, 2010).

Figure 2.15 Effects of particle crushing rate on maximum principal stress ratio (after
Miura and O-hara, 1979)
28

Indraratna et al. (1998) presented a correlation between the particle breakage index, the
principle stress ratio and the peak friction angle of railway ballast, and reported that the
peak fiction angle of ballast decreased as the ballast breakage index increased. More
recently, Indraratna et al. (2014) reported the influence of particle breakage on the
critical state stress ratio of ballast material, as shown in Figure 2.16. Particle breakage
increases with the elevation of mean effective stress and the critical state friction angle
decreases with an increase in particle breakage because the degradation process reported
was mainly due to wear and the breakage of corners rather than particle splitting. A
similar finding in sand at high stress by Graham et al. (2004) who reported a bilinear
critical state line in q - p' plane. However, past experimental studies carried out on sands
(e.g. Coop, 1990; Coop et al., 2004; Russell and Khalili, 2004) indicated that the
mobilised friction angle at a residual state does not change very much regardless of the
amount of particle crushing, whereas the peak friction angle depends on the void ratio
and stress level; the possible reason reported for the relatively constant apparent friction
angle is grain of the same mineralogy being crushed to smaller sizes.

Variations of PSD caused by particle breakage also influence the critical state in the
stress-volume space. Experimental results on artificial mixtures of soil particles of
different sizes revealed how the addition of fine particles affected the reference specific
void ratio such as the critical state specific void ratio, and the minimum and maximum
void ratio of a stable material (Lade et al., 1998; Thevanayagam et al., 2002; Coop et
al., 2004; Altuhafi and Coop, 2011). Initially, finer particles moved freely within the
voids space of the coarser particles and the reference void ratios decreased, but if fine
material is progressively added, the finer particles eventually moved the larger particles
apart and the void ratio increases again; however, this mode of volume change
behaviour has only been seen within an artificial mixture. Coop et al. (2004) reported
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that by applying very large strains on carbonate sand, a constant grading was attained
and the mobilised strength was unaffected by the significant amount of particle
breakage.

Figure 2.16 Effects of particle breakage of Ballast on CSL: (a) CSL on q-p' plane; and
(b) Evolution of Mc with BBI (after Indraratna et al., 2014)
The effect of particle breakage on critical state line in stress-volume shape has been
widely studied. Been et al. (1991) reported a non-linear critical state line (CSL) for
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drained and undrained shearing of sands that was attributed to particle breakage, and
Yamamuro and Lade (1996) indicated that the sharp change in the slope in CSL was
associated with a larger incidence of particle breakage. Bedin et al. (2012), through a
series monotonic triaxial testing of gold tailings, reported a highly nonlinear shape of
CSL and pointed out that the curvature was due to particle breakage. A comparison of
the critical state of various crushable sands and other materials are presented in Figure
2.17.

Figure 2.17 Comparision of CSL for various crushable sand and other mine tailing

Hu et al. (2011) reported in an experimental study of Cambia sand that illustrated the
evolution of a critical state void ratio with particle breakage (Figure 2.18); a hyperbolic
function was reported to fit the test results. In another study through the discrete
element analysis of assemblies of circular particles concluded that the critical state void
ratio changes with grading as a result of particle crushing (Wood and Maeda, 2008).
Wood and Maeda also suggested that the critical state lines moved downwards in the
compression plane of mean effective stress p' and specific volume v (i.e. specific
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volume v at critical state is reduced) as the soil PSD becomes broader due to particle
breakage while the change in its compression slope was not as apparent.

Figure 2.18 Evolution of reference critical state void ratio against particle breakage
(after Hu et al., 2011)

Figure 2.19 Effects of grading on the critical state line: biaxial tests using various
gradings of circular discs for DEM analysis (a) Particle size distribution; (b)
critical state line in the compression plane (after Wood and Maeda, 2008)

2.3.4

Modelling of particle breakage

Particle breakage commonly occurs when a granular material undergoes compression
and shearing. While its associated impact on the mechanical behaviour has been widely
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studied (e.g. section 2.3.3), only a limited number of studies focused on modelling
particle breakage during shear deformation. Lade et al. (1996) suggested a hyperbolic
relationship for modelling the particle breakage indicator (B10) with an increasing
energy input, while a different model using a hyperbolic relationship between particle
breakage and the plastic work done was proposed by Hu et al. (2011). For ballast
material, Indraratna and Salim (2002) modelled particle breakage during shearing as a
function of plastic shear strain and initial confining pressure. A similar expression was
proposed by Zhang et al., 2013 while studying the particle breakage of cemented
ellipsoid, and who modelled particle breakage with the total energy used to crush
particles. Some of the breakage model relationships proposed in past studies are
summarised in Table 2.7. Since coalwash differs from the material tested, a detailed
study of its particle breakage characteristics is needed to consider an appropriate model
for describing plastic deformation.

Table 2.7 Summary of the particle breakage model
Investigator

Breakage model

Hardin, 1985

𝜒𝛽
𝜎𝑏
𝐵𝑟 =
,
where
𝜒
=
𝜎𝑟
1 + 𝜒𝛽

Eq.
(2.1)

In which, 𝛽 and 𝜎𝑟 are material parameters and 𝜎𝑏 is the
breakage stress.
Lade et al., 1996

𝐵10 =

𝐸𝑟
𝑎 + 𝑏𝐸𝑟

where, 𝐸𝑟 is the total energy input for unit volume of
specimen and 𝑎, 𝑏 are hyperbolic curve fitting parameter.
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(2.2)

Indraratna

and

Salim, 2002

𝜃𝑏 1 − 𝑒𝑥𝑝 −𝜈𝑏 𝜀𝑠𝑝
𝐵𝐵𝐼 =
𝜔𝑏 − ln 𝑝𝑖′

(2.3)

where 𝜃𝑏 , 𝜈𝑏 and 𝜔𝑏 are material constants characterising
particle breakage, and 𝑝𝑖′ is the initial effective mean stress
and 𝜀𝑠𝑝 is the plastic deviator strain.
Hu et al., 2011

𝐵𝑟 =

𝑤𝑝
𝜒 + 𝑤𝑝

(2.4)

In which, 𝑤𝑝 is the plastic work done, 𝜒 is a material
constant controlling the evolution rate of the gradation.
Zhang
2013

et

al.,

𝛾

𝐵𝑟 = 𝑐𝑊𝑏

(2.5)

Where, 𝑊𝑏 is the total energy used to crush particles and
𝑐, 𝛾 are curve fit parameter.

To account for the effects of particle breakage in plastic deformation, various dilatancy
models were proposed in past studies. McDowell et al. (1996) and McDowell and
Bolton (1998) modified the well-known Cam-clay plastic work equation (Roscoe et al.,
1963; Schofield and Wroth, 1968) by adding a fracture energy term to model particle
breakage in the stress-dilatancy equation. Ueng and Chang (2000) studied the effects of
particle breakage on the shear strength of sand and proposed a relationship between the
principle stress ratio, the dilation rate, the internal friction angle and energy
consumption due to particle breakage per unit volume during triaxial shearing. This was
further modified by Salim and Indraratna (2004) to account for the stress ratio, i.e. a
ratio between the deviator stress and the mean stress, and the amount of incremental
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energy spent. In other studies Yao et al., 2008 and Liu et al., 2014 modified the plastic
hardening parameter of their models to account for particle breakage.

Alternatively, a number of critical state models in stress-volume space that incorporate
the effect of breakage (e.g. Table 2.8) have been proposed, and a curved critical state
line, typically having two or three-part linear segments, has also been reported for a
variety of granular materials. Been et al. (1991) used a bilinear critical state line (CSL)
to describe the drained and undrained shearing of sands exhibiting particle breakage,
while Russell and Khalili (2004) introduced third-segment of CSL within a boundary
surface constitutive model to describe the behaviour of crushed granular materials. In
another study, Daouadji et al.(2001) related the position of the critical state line (CSL)
to the amount of energy needed for grain breakage, showing that CSL in the e - lnp'
space (void ratio versus mean effective stress in log scale) descends according to the
evolution of gradation. Recently, Wood and Maeda (2008) extended the CSL
relationship with the grading state index IG, a state parameter that determines the
evolution of gradation as a result of grain breakage, and postulated a critical breakage
surface model. More recently, Indraratna et al. (2014) extended the critical breakage
surface model by using BBI for ballast material with an exponential decay relationship
to determine the reference specific volume at no breakage.

Table 2.8 Summary of breakage-critical state model
Investigator
Wood and Maeda,
2008

Breakage-critical state model
𝜐𝑐 = Γ 𝐼𝐺 − 𝜆 𝐼𝐺 ln 𝑝′
where, 𝜐𝑐 is the specific volume, 𝑝′ is the mean effective
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Eq.
(2.6)

stress, Γ 𝐼𝐺 and 𝜆 𝐼𝐺 is the reference specific volume
and compression slope, respectively, are a function of
grading state index 𝐼𝐺 .
Daouadji et al.,

𝑝𝑐 = 𝑝𝑐𝑜𝑖 1 −

𝜔
p
exp(β. εv )
𝐵+𝜔

(2.7)

2001
where, 𝑝𝑐 and 𝑝𝑐𝑜𝑖 are the critical reference pressure with
and without particle breakage, 𝜔 is the plastic work done,
𝐵 andβ are the material parameter.
Kikumoto et al.,
2010

𝑖
𝑖
𝑖
𝜐 = 𝜐𝑚𝑖𝑛
− 𝜐𝑐 𝐼𝐺 + 𝜐𝑚𝑎𝑥
− 𝜐𝑚𝑖𝑛
exp − 𝑝′ 𝑝𝑖𝑐

𝑘

(2.8)

where, 𝜐 is the current state specific volume, 𝜐𝑐 is the 𝑝′
is the mean effective stress, 𝑝𝑖𝑐 is the reference stress,
𝑖
∗
𝜐𝑚𝑎𝑥
and 𝜐𝑚𝑖𝑛
are the maximum and minimum specific

volume at 𝐼𝐺 = 0, is the specific volume at p' = 0, 𝐼𝐺 is the
grading state index, 𝑘 is the state parameter.
Indraratna et al.,
2014

𝜐 = Γref − a exp b 𝐵𝐵𝐼

− 𝜆 ln 𝑝′

(2.9)

where, 𝜐 is the specific volume, Γref is the reference
specific volume at no particle breakage, BBI is the ballast
breakage index, 𝜆 is the compression slope and a and b
are material parameters describing the evolution of the
CSL with particle breakage.

A detailed study of the characteristics of coalwash breakage is needed to evaluate its
impact on dilatancy and CSL because coalwash is fragile and experiences breakage
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even at low stress (Rujikiatkamjorn et al., 2013) and also has a different pore structure
(Lu and Do, 1992).

2.4
2.4.1

ANISOTROPY AND ITS EFFECTS ON GRANULAR MATERIAL
BEHAVIOUR
Introduction

In laboratory tests such as in conventional triaxial tests carried out to determine the
mechanical or compressibility properties of the compacted granular materials, the
direction of the major principal stress is always perpendicular to the bedding plane
(compaction plane). However, subsequent loading on the compacted materials causes
changes in the principal stress axes. In the field, practical situation exist where the soil
are subjected to the rotation of principal stress axes, for example, the soil elements
under foundation subjected to loading causes rotation of principal stresses that does not
coincide with the compaction plane. To enable the formulation of stress-strain relation
for compacted materials, a detailed study on the mechanical behaviour requires a clear
understanding of their anisotropic properties.

Anisotropy can have two different forms - inherent or induced (Casagrande and Carillo,
1944). While the structural or initial or intrinsic or inherent anisotropy can be a
consequence of particle orientation as the soils forms, induced anisotropy is imparted by
stress paths applied to the soil. Inherent anisotropy is attributed to sedimentation
processes and grain, and the voids and/or crack characteristics of the soil or rock mass
(Oda, 1993; Mitchell and Soga, 2005). The influence of inherent anisotropy on the
behaviour of soil is also evident in various experimental studies (e.g.Oda, 1972;
Tatsuoka et al., 1986; Finge et al., 2006; Lade et al., 2009). Recently, Viana da Fonseca
et al. (2013) showed that structural anisotropy occurred in soil prepared by static
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compaction using a load frame, and by moist tamping. In another study, Ham et al.
(2012) reported the strength anisotropy of compacted decomposed granite soil by
testing a specimen in different orientations. Lade and Abelev (2005) pointed out that
preparing specimens of very loose to dense sand by air pluviation followed by tapping,
causes an initial cross-anisotropic behaviour that tended to evolve towards an almost
isotropic behaviour at high values of isotropic pressure; albeit this was not completely
achieved. In more compacted dense condition, this was more difficult to occur than in
the samples that began in loose states. Yasufuku et al. (1991) investigated the
characteristics of yield curves for isotropically and anisotropically consolidated sand in
order to clarify the anisotropy of yielding behaviour in triaxial space and the
dependency of deformation and strength on the confining pressure. Furthermore, Gajo
and Piffer (1999) and Doanh et al. (2013) showed that a stress-induced component of
anisotropy resulted in different effective stress paths being followed in undrained
triaxial shearing after preloading along various stress paths. Inherent anisotropy usually
takes the form of cross-anisotropy with distinctive anisotropy in one direction
perpendicular to a bedding plane wherein it is largely isotropic (Abelev et al., 2007; Liu
and Indraratna, 2010). This perpendicular direction generally forms with the direction of
sedimentation or bedding plane, and is referred to as the axis of anisotropy. Induced
anisotropy, on the other hand, gradually develops as loading paths are applied to the
granular masses (Arthur et al., 1977; Rothenburg and Bathurst, 1989; Oda, 1993; Kim
and Finno, 2011).
2.4.2

Anisotropic model for granular material

The stress-strain behaviour of compacted granular material commonly involves density
and pressure dependencies, plastic volumetric deformation (dilative in some regions and
contractive in others), anisotropy, combined isotropic and kinematic hardening, and
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undrained loading resulting in loss of strength and stiffness, etc. A large number of
constitutive models have been proposed in past literature that captures anisotropic
behaviour under general three-dimensional stress conditions, each focussing on different
aspects in relation to the behaviour of soil such as its strength, dilatancy, and noncoaxiality (Banerjee and Yousif, 1986; Yasufuku et al., 1991; Liang and Shaw, 1991;
Brandt and Nilsson, 1999; Pestana and Whittle, 1999; Li and Dafalias, 2002; Yu and
Yuan, 2006; Abelev et al., 2007; Anandarajah, 2008; Hashiguchi and Mase, 2007;
Taiebat and Dafalias, 2008; Lade et al., 2009; Gao et al., 2010; Taiebat and Dafalias,
2010). Most of these models have formulated constitutive equations within the classical
elasto-plasticity framework (Hill,1950), which employs a set of yield and plastic
potential surface in the stress space.
2.4.3

Shape of the anisotropic yield surface model

The yield surface of granular material obtained by Poorooshasb et al. (1966) and
Tatsuoka and Ishihara (1974) for triaxial compression loading at high stress ratios
represented by open-ended curves; while subsequent studies by Ishihara et al. (1975),
Nova (1982) and Yasufuku et al. (1991) showed a closed, capped curve that accounts
for yielding at low and high stresses. To model the anisotropy behaviour of soil,
Dafalias (1986) proposed an anisotropic yield surface that complies with the critical
state concept, and also introduced a non-dimensional anisotropic variable 𝛼 in triaxial
space. This model is attractive and versatile because when 𝛼 = 0, the function reduces
to the modified Cam-clay model. Figure 2.20 illustrates the anisotropic yield surface as
a rotated and distorted ellipse, the degree of distortion or rotation defined by the value
of 𝛼. The normal to yield surface at different characteristic points (O, A - E) is indicated
by a corresponding outward arrow. The normal to yield surface at points C and E
intersect the critical state lines (CSL) in the compression and extension plane,
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respectively. Note that 𝑝𝑦′ is not the intersection of f = 0 with the 𝑝′ -axis. The normal to
yield surface at points O and A are along the p' – axis and the line passing through the
origin O to A is called the pseudo-hydrostatic axis (𝜂 = 𝑞𝑦 𝑝𝑦′ = 𝛼). Point B represents
a typical stress state on yield surface with 𝜂 = 𝑞 𝑝′ .

Figure 2.20 Yield surface of an anisotropic cam clay type model (after Dafalias, 1986).

Recently, Imam et al. (2005) modelled the experimental yield data of anisotropically
compacted sand (reported by Yasufuku et al., 1991) and proposed a yield surface
expression Eq. (2.10) with the parameters Mα. However, this model is only applicable
when the loading and the depositional direction of the soil merges with each other and
there is no significant rotation of principal stresses expected. Therefore, this criterion
limits its use for interpreting the experimental results from other stress paths, such as
torsional shear tests where the principal stress directions rotate relative to the
depositional direction.
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𝑓 = 𝜂−𝛼

𝑀𝛼 =

2

−

𝑀𝛼2

𝑝′
1− ′
𝑝𝑦

1 2

(2.10)
=0

5𝑀 − 𝛼 𝑀 − 𝛼

(2.11)

where, 𝑀 = 𝑀𝑐 , if 𝜂 => 𝛼, 𝑀 = 𝑀𝑒 , if 𝜂 < 𝛼

6 sin 𝜙𝑐𝑠
6 sin 𝜙𝑐𝑠
𝑀𝑐 =
, 𝑀𝑒 =
3 − sin 𝜙𝑐𝑠
3 + sin 𝜙𝑐𝑠

(2.12)

where, 𝜙𝑐𝑠 is the critical state friction angle, 𝛼 is the back-stress ratio, and 𝜂 is
stress ratio.

The shape of the yield surface of sand consolidated at different stress paths such as
isotropic compression, the stress path along the compression plane, and the stress path
along the extension plane, using Eq. (2.10) is given in Figure 2.21; here the
experimental yield datas are a close match to the yield function, but the expression for
the yield surface parameter Mα (given in Eq.(2.11)) is a conditional relationship that is
only applicable for axisymetric compression and extension stress conditions, while the
suitablility of the numerical value 5 in the model must be checked for other granular
material. Moreover, it is difficult to extend this model to generalised stress space due to
the conditional nature of the equations.
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Figure 2.21 Yield surface of sand consolidated at different stress path. (after Imam et
al., 2005)
Other models in the literature provided different criteria with potential for capturing the
yield or failure surface of soils under general three-dimensional conditions with stress
rotations. Table 2.9 presents a summary of the values of Mα for anisotropic yield surface
expressions proposed in past studies (Banerjee and Yousif, 1986; Pestana and Whittle,
1999; Taiebat and Dafalias, 2010; Liu and Indraratna, 2010).
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Table 2.9 Anisotropic yield surface parameter in 𝜋-plane
Investigator

Anisotropic yield surface parameter

Eq.
(2.13)

Banerjee
and Yousif,
1986

2𝑘𝑀𝑐
3 − 𝑠𝑖𝑛𝜙
6
,𝑘 =
, 𝑀𝑐 =
3 + 𝑠𝑖𝑛𝜙
3 − 𝑠𝑖𝑛𝜙
1 + 𝑘 − (1 − 𝑘) sin 3𝜃
1 2
1 3
3
1
3 3 𝐽3
1
1
𝜃 = sin
,
𝐽
=
𝑠
𝑠
,
𝐽
=
𝑠
𝑠
𝑠
3
3
2 𝐽23 2
2 𝑖𝑗 𝑖𝑗
3 𝑖𝑗 𝑗𝑘 𝑘𝑖
2 𝑝′ 𝑜 ′ 1
1 𝑜
′
𝑠𝑖𝑗 = 𝑠𝑖𝑗 −
𝑠
,
𝑝
=
𝜎
,
𝑝
=
𝜎
𝑖𝑖
𝑜
𝑖𝑗
3 𝑝𝑜′
3
3 𝑖𝑖

𝑀𝛼 =

where, 𝜙 is the critical state friction angle.
(2.14)
Pestana and
𝑀𝛼 = 𝑐 2 + 𝛼: 𝛼 − 2𝜂: 𝛼
Whittle,
1999
where, 𝑐 - the parameters controlling the aperture of the surface
at p'=0; 𝛼 is the back-stress ratio tensor and is the stress ratio
tensor.
(2.15)
Niemunis et
al., 2009

3𝜙 − 9 1
arccos 𝛽
𝜋
𝑀𝛼 =
− cos
+ 𝐻 cos 3𝜃
𝜙 cos 3𝜃 2
3
3
9−sin 2 𝜑

With 𝜙 = 1−sin 2 𝜑 𝑐 ,
𝑐

−27 1 − 𝜙 − 𝜙 2 (9 − 𝜙) 1 − 2 cos2 3𝜃
𝛽 = 𝑠𝑖𝑔𝑛 cos 3𝜃
−3 + 𝜙 3
where, 𝜑𝑐 is the critical state friction angle, 𝐻 is the heaveside
function
(2.16)
Taiebat and
Dafalias,
2010

𝑀𝛼 =

3
𝑀𝜃2 − 𝛼: 𝛼
2

Where, 𝑀𝜃 is the critical state stress ratio as a function of load
angle and 𝛼 is the back-stress ratio tensor.
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Investigator

Anisotropic yield surface parameter

Eq.
(2.17)

1
𝑀𝛼 =
𝐿

Liu
and
Indraratna,
2010

2
2
𝜎 ′ − 𝐶𝑰 𝑚𝜂𝑀𝑁
+ 1 − 𝑚 𝜂𝑣𝑀
1

+ 𝑟1 1 − sin 𝑀𝑁, 𝑊



where, m and h are material constant, 𝑟1 is parameter controlling
material anisotropy, 𝐿 is the mapping parameter, 𝐶 is the
magnitude of isotropic translation , 𝜂𝑀𝑁 and 𝜂𝑣𝑀 are the general
shear stress ratio corresponding to the Matsuoka-Nakai criteria
and the von Mises criteria, respectively, and 𝑀𝑁, 𝑊 is the
angle between the weak plane and the Matsuoka-Nakai failure
plane.

Eqs. (2.13), (2.15) and (2.17) are flexible enough to model the yield surface in
generalised stress space, but they do not incorporate the back-stress ratio tensor variable
𝛼, making it difficult to incorporate them in the yield surface model given in Eq. (2.10).
However, Eqs.(2.14) and (2.16) does incorporate the back-stress ratio but their
applicability to coalwash behaviour must be checked with the main yield surface
equation describing yield locus in deviator plane. To check the suitability of any of
these models (Table 2.9) for coalwash, an extensive laboratory study is needed to find
the yield stress in different stress path along the compression and extension stress plane.

2.5

SUMMARY

In this chapter, topics related to the physical and chemical characterisation of different
types of coalwash (CW), its geotechnical characteristics, aspects of compacted granular
material, and modelling particle breakage and anisotropy in geomaterial were
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introduced. It was shown that geotechnical properties such as the internal friction angle,
compaction characteristics and permeability of different CW were comparable with
conventional fill material. However, most of these applications and studies only focused
on the basic geotechnical properties of CW, not on its intrinsic properties such as
particle breakage and the influence of compaction. The influence of particle breakage
and anisotropy due to compaction on the stress strain behaviour was well established for
granular material such as sand and ballast, but a detailed investigation of its effect in
coalwash is needed to model this material under expected field conditions.
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CHAPTER THREE
3 EXPERIMENTAL TESTING PROGRAM

3.1

INTRODUCTION

This chapter describes the particle size distribution, chemical composition, scanning
electron microscope (SEM) structural characterisation and particle degradation under
alternate wetting and drying cycles that forms part of this study. This also includes the
laboratory program for triaxial testing via isotropic compression and stress path tests,
and drained and undrained shearing for different relative compaction levels. The triaxial
equipment is described briefly, and the procedure used for specimen preparation,
including compaction and saturation, is explained.
3.2

TEST MATERIAL

The coalwash (CW) used in this study was supplied by BHP Billiton-Illawarra Coal
after being extracted from the Dendrobium colliery (NSW, Australia). This is one of the
largest coal mines in the NSW, Australia (Figure 3.1), and it is located approximately 8
km west of Wollongong. Dendrobium coalwash is a dark, well-graded heterogeneous
material consisting mainly of quartz and residual coal, and illite and kaolinite as the
main clay minerals, although X-ray diffraction analysis revealed trace quantities of
calcite, pyrites, and sulphur. The chemical components of CW determined in this XRF
technique are shown in Table 3.1. The aggregates consist of angular and relatively flaky
grains. The maximum sizes of coalwash particles are typically less than 100mm.

The particle size distribution of coalwash plotted in Figure 3.2. Due to some plastic
fines coating the coarse particles, wet sieving was used (ASTM D1140, 2014), and the
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fine portions collected from wet sieve analysis were analysed with the Malvern
Mastersizer-particle size analyser at the University of Wollongong.

University of Wollongong

Dendrobium Colliery
Port Kembla Outer Harbour

Figure 3.1 Location of coalwash colliery in this study (Google maps, 2015)

Table 3.1 Chemical composition of Dendrobium CW in this study (Blunden and Gray,
2006)
Components

Proportions (%)

Ash

65.6

Carbon

24.3

Volatiles

14.4

Hydrogen

1.90

Nitrogen

0.55

Sulphur

0.23

Phosphor

0.02
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Figure 3.2 Particle size distribution of CW as-received in the laboratory and selected for
this study (modified after Kaliboullah et al., 2015a)

3.2.1

Parallel gradation

For small triaxial test specimens, a parallel gradation to the prototype particle size
distribution (PSD) was used to exploit the geomechanical similitude via parallel
gradation testing while acknowledging the limitations of using smaller particle sizes in
the laboratory (e.g. Indraratna et al., 1993); the maximum particle size was less than
8mm. The particle size distribution (PSD) is shown in Figure 3.2, and includes 6%
gravel, 75% sand, 17% silt, and 2% clay. Since this screened material for industrial
applications had less than 3% of clay, studying the impact of clay mineralogy was not in
the scope of this project. The coalwash has a plasticity index of 10.7% and a liquid limit
of 27.7%, so according to the Unified Soil Classification System it can be classified as
clayey sand (SC). The curves representing the coalwash tailings (Indraratna, 1994) and
coalwash (Rujikiatkamjorn et al., 2013) are shown in Figure 3.2 for comparison.
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3.2.2

Specific gravity

Specific gravity (Gs) was determined in accordance with AS1289.3.5.1-2006, but due to
the low Gs value for CW, kerosene (Gs,kerosene=0.82) was used as the wetting agent to
prevent the particle flotation observed using distilled water. The vacuum method was
used to remove any air trapped inside the particles assembly. To account for any
variations in the chemical composition of different size particles on Gs, a CW sample of
selected PSD (parallel gradation) was prepared, as shown in Figure 3.2, after which the
particles were crushed to less than 0.6mm and then tested to determine the Gs of the
selected CW. The average Gs for the tested CW was 2.23. The relatively low Gs for CW
were due to coal residuals, and carbon and ash (e.g. the specific gravity of coal is
around 1.3).
3.2.3

Compaction curve

The compaction characteristics of CW were established by standard Proctor compaction
tests, as described in AS1289.5.1.1-2003. The coalwash was first oven dried at 50oC
and then mixed the required amount of water; any visible lumps were disaggregated,
and the mixture was kept inside a plastic bag that was stored overnight under a constant
temperature of (20 + 2oc) and humidity (68%) overnight for moisture equilibration. For
each specimen, three layers of an approximately equal volume of the CW sample were
compacted by imparting 25 blows per layer with a 2.5kg hammer dropped from a height
of 305mm. The tests were carried out over a broad range of moisture contents (i.e., 6 18%) to obtain their compaction characteristics. Figure 3.3 shows the various dry unit
weight compared to the moisture content; the compaction results are also reported in
Table 3.2. As moisture was added the dry unit weight increased to a maximum value
that corresponds to the maximum dry unit weight (γd-max) and optimum moisture content
(OMC), beyond which, any further increase in moisture causes the dry unit weight to
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decrease. Figure 3.3 shows that the maximum dry density and optimum moisture
content were 16.5 kN/m3 and 12.5%, respectively, but on the dry side of OMC, as the
water content increases, moisture helps the particles to slip and rotate around each other.
This means that particles can attain a denser configuration with higher dry unit weight
until they reach γd-max. Beyond the OMC, any more moisture replaces the soil particles
and the dry unit weight starts to decrease (Holtz et al., 2011).

Figure 3.3 Compaction state of test specimen (after Kaliboullah et al., 2015b)

To study the behaviour of coalwash across the compaction plane, different levels of
relative compaction (RC) were adopted. The relative compaction is defined as follows:
𝑅𝐶 =

𝛾𝑑
𝛾𝑑−𝑚𝑎𝑥

(3.1)

In this study, four samples that correspond to 85, 90, 95, and 100% of RC levels
prepared at the same moisture content of 10% were considered (Figure 3.3). This water
content was selected because the average moisture content of the stockpiles at Port
Kembla, NSW were between 9 - 11%.
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Table 3.2 Summary of compaction results on CW samples

Gs

2.23

3.2.4

Water

Dry unit

content, w

weight, 𝛾

(%)

(kN/m3)

6.17

15.20

0.439

8.23

15.71

0.393

10.13

16.10

0.358

11.62

16.47

0.328

13.85

16.44

0.330

15.97

16.04

0.364

17.92

15.48

0.413

Void

𝛾𝑑−𝑚𝑎𝑥

OMC

ratio, e

(kN/m3)

(%)

16.5

12.5

Microstructural characterisation of compacted coalwash

The structure of CW was examined with a scanning electron microscope (SEM) JEOL
JSM-6490LA at the University of Wollongong. To avoid any unwanted microstructural
damage resulting from the drying process while testing the specimens in a moist
condition, the SEM was operated under low vacuum. The physical microstructure of a
particle of coalwash is depicted in Figure 3.4. High magnification revealed that the
surface of the CW particle was rough and had pores with dimensions in micrometres.
Moreover, the boundary between the fine mineral grains can also be identified. Those
observations were consistent with earlier microstructural studies reported by Lu and Do
(1992), and Indraratna et al. (1994). The micrographs of compacted coalwash at
different levels of compaction, 90%, 95%, and 100% (Figure 3.5), revealed that the
particles are predominantly angular and pores ranging from approximately 200m
(macroporosity, Figure 3.5 (a, e & i)) to less than 1m (microporosity, Figure 3.5 (d, h
& l) exist. Note there was a significant reduction in the sizes of the macro pores of
compacted coalwash (Figure 3.5 (a, e & i)) as the level of compaction increased.
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a

b
b

Figure 3.4 SEM micrographs of coalwash particle
3.3

LABORATORY TESTING PROGRAM

Details of the apparatus and testing conditions used to evaluate the stress-strain
behaviour (i.e., triaxial testing) of CW are described in the following subsections:
3.3.1

Triaxial testing

This study involved a series of isotropic compression and consolidated drained and
undrained triaxial tests carried out under various confining pressures and at different
levels of relative compaction. Four isotropic compression, 30 consolidated drained
standard shearing (i.e., Δq/Δp' = 3), 17 undrained standard shearing (i.e., Δq/Δp = 3)
were carried out to characterise the compression and shearing behaviour. Moreover, 18
stress paths in the compression and extension planes were carried out to study the yield
and compression behaviour of coalwash. A broad range of effective confining pressures
were adopted for drained (5 to 1400 kPa) and undrained (15 to 600 kPa) conditions. The
range of effective confining pressures was chosen to mimic the loading conditions
expected at the port. To avoid any boundary effects related to the largest particle size
(i.e.,8mm), triaxial tests were carried out on specimens that were 50mm in diameter and
101.5mm high, as suggested in ASTM D7181(2011).
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Figure 3.5 SEM micrographs of coalwash compacted at an RC level of 90% (a, b, c & d), 95%(e, f, g & h) and 100% ( i, j, k & l). Marked
regions indicate positions of below zoomed images.
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To prepare coalwash specimens at various levels of compaction the energy applied was
varied while the moisture content of 10% remained constant. Four different levels of
compaction energy ( 85.1 kJ/m3, 170.3 kJ/m3, 340.6 kJ/m3 and 681.1 kJ/m3) were
considered corresponding to 85%, 90%, 95%, and 100% of the standard Proctor
maximum dry density, respectively. The specimens were prepared by the dynamic
compaction method following a procedure described by Heitor et al. (2013) for
dimensions of 50 mm in diameter and 101.5 mm in height. The required amount of
moisture was added to the samples, which were then compacted with the specified
energy level in three layers 3.5cm high. The weight of the wet sample was monitored
(+2g) to ensure the specimens attained the required compacted dry unit weight. The dry
unit weight and associated void ratio adopted for the different RC levels are given in
Table 3.3.
Table 3.3 Test sample initial condition and particle breakage
Relative compaction, RC

85%

90%

95%

100%

Compaction energy, kJ/m3

85

170

341

681

Dry unit weight (kN/m3)

14.0

14.8

15.7

16.5

Void ratio, e

0.56

0.48

0.40

0.33

0.113

0.145

0.190

0.239

Particle breakage index due
to compaction, Bc

The triaxial tests comprised three distinct stages: saturation, consolidation, and shearing.
During saturation the air was displaced with CO2, and a back pressure of 150 kPa was
applied to the bottom pedestal. Typically, this procedure yielded a Skempton's B-value
exceeding 0.97. Following isotropic compression to the desired effective confining
pressure, shearing was carried out in drained and undrained conditions, at a constant
strain rate of 0.1 mm/min. The change in volume during undrained shearing was
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measured using a pressure/volume controller connected to the triaxial cell, following the
procedure outlined by Garga and Zhang (1997). A summary of the testing program is
given in Table 3.4.
Table 3.4 Summary of test program
Type

Relative
compaction, RC
(%)

Maximum axial
strain attained
(%)

Effective
confining
pressure σ′3 (kPa)

D1

C

90

35

25

D2

C

90

35

50

D3

C

90

35

100

D4

C

90

35

150

D5

C

95

40

25

D5a

C

95

5

25

D5b

C

95

10

25

D5c

C

95

15

25

D5d

C

95

20

25

D6

C

95

40

50

D6a

C

95

5

50

D6b

C

95

10

50

D6c

C

95

15

50

D6d

C

95

20

50

D7

C

95

40

100

D7a

C

95

5

100

D7b

C

95

10

100

D7c

C

95

15

100

D7d

C

95

20

100

D8

C

95

40

150

D9

C

95

20

200

D9a

C

95

5

200

D9b

C

95

10

200

D9c

C

95

15

200

D10

C

100

20

25

D11

C

100

20

50

D12

C

100

20

100

D13

C

100

20

150

D14

C

100

20

200

Test ID
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Type

Relative
compaction, RC
(%)

Maximum axial
strain attained
(%)

Effective
confining
pressure σ′3 (kPa)

D15

C

100

20

400

U1

C

85

18

15

U2

C

90

18

25

U3

C

90

18

50

U4

C

90

18

100

U5

C

90

18

200

U6

C

90

18

400

U7

C

90

18

600

U8

C

95

18

50

U9

C

95

18

100

U10

C

95

18

200

U11

C

95

18

400

U12

C

95

18

600

U13

C

100

18

50

U14

C

100

18

100

U15

C

100

18

200

U16

C

100

18

400

U17

C

100

18

600

ISO1

C

90

-

5→1400

ISO2

C

95

-

5→1400

ISO2a

C

95

-

5→800

ISO3

C

100

-

5→1400

S1

E

90

15

50→65*

S2

C

95

20

13→25*

S3

C

95

-

100→287

S4

C

95

-

100→337

S5

E

95

15

25→33*

S6

E

95

15

50→65*

S7

E

95

15

100→129*

S8

E

95

15

150→198*

S9

C

100

-

100→398

S10

C

100

-

100→487

S11

E

100

15

50→68*

Test ID
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Type

Relative
compaction, RC
(%)

Maximum axial
strain attained
(%)

Effective
confining
pressure σ′3 (kPa)

S12

E

100

15

100→134*

S13

E

100

15

150→201*

S14

E

100

15

200→264*

S15

C

95

-

5-1400 (=0.5)†

S16

C

95

-

5-1400 (=0.8)†

S17

C

95

-

5-1400 (=1.0)†

S18

C

95

-

5-1400 (=1.2)†

Test ID

Note: D = drained shearing; U = undrained shearing; S=stress path; E = extension tests, C =
compression tests; * indicates constant p' tests; † indicates constant stress ratio tests; ISO =
isotropic compression.

The two triaxial apparatus used in this study are illustrated in Figure 3.6. Samples
sheared under 20% axial strain were tested in the classical Bishop & Wesley type
triaxial cell shown in Figure 3.6a, and those between 20-40% axial strain were tested in
the load frame based triaxial testing system shown in Figure 3.6b. The testing
equipment consisted of the following parts:


A loading rig to apply vertical displacement from the bottom of the specimen



A load cell for measuring vertical load on the specimen (5kN capacity and
0.001kN accuracy)



An outer chamber



Pressure/volume controllers (accuracy of 0.1 kPa and 1 mm3) to apply cell and
back pressure as well as measuring the change in volume.



A LVDT (linear variable differential transformer, accuracy 0.001mm)
displacement for strain measurements



Pore water pressure transducers (accuracy 0.01 kPa)



Data acquisition
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The system was connected to a computer which enabled the user to control the test and
monitor the plot displays using the GDSLab software.

(a)

(b)

Figure 3.6 Isometric view of triaxial equipment used in this study (developed by GDS
Instruments Ltd);

A GDS water pressure/volume controller shown in Figure 3.7 was used to apply axial
thrust, cell pressure and back pressure, and measure the change in volume of the
specimen. This controller could be controlled manually using the keypad or in
automated mode using GDS software. To obtain accurate volume change readings,
deaired water was used. The water pressure controller chamber has a rated maximum
pressure of 3MPa and a volume of 200cc. The accuracy of the pressure and volume
measurements was 1 kPa and 1 mm3, respectively.
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Figure 3.7 GDS Enterprise water pressure/ volume controller

Figure 3.8 shows the eight channel GDS serial acquisition digital box; it can control and
record data from different sources, i.e., it can record displacement, load cell, and pore
water pressure transducer. Three options of data logging intervals are possible with this
type of data logger, linear, logarithmic and exponential; during the saturation and
consolidation stages, the logarithmic method was used, whereas during drained
shearing, the linear method with 10 seconds intervals was adopted.

Figure 3.8 Eight channel GDS serial acquisition

3.3.2

Alternate wetting and drying cycles

Alternate wetting and dying cycles were carried to investigate the degradation potential
of coalwash particles under seasonal variations of the moisture content. The objective is
to quantitatively access the particle size of coalwash after selected cycles of alternate
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wetting and drying. For this study, a 250mm x 100mm x 60mm test pan was used, as
was a 60oC oven to dry the coalwash after the wetting cycles. Some aggregates between
25 and 45mm in size were also used in this study. The wetting stage involved
submerging coalwash for 8 hours followed by a drying stage in the 60oC oven for 16
hours. The change of PSD after 12 and 25 cycles of alternate wetting and drying were
analysed, and are shown in Figure 3.9. The PSD results showed that coalwash has a
large degradation potential under moisture variation; which is consistent with other coal
mining waste (e.g. Skarżyńska, 1995a, Figure 3.9a). A photograph of the coalwash
sample at the beginning and final stages of wetting and drying is shown in Figure 3.9c
and 3.9d, respectively. Note the significant change in the PSD. Substantial particle
degradation that occurred in the alternate wetting and drying test shows that the material
may be prone to excessive deformation due to particle degradation when used in a
moisture variation zone such as the tidal zone in a coastal environment.

(a) Change of PSD of coal rejects due to weathering. (data from Skarżyńska, 1995a)
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(b) Change in PSD due to alternate wetting and drying cycles on coalwash

(c) Coalwash before wetting and drying

(d) Coalwash after 25 cycles of wetting

cycle

and drying cycle

Figure 3.9 Particle degradation under alternate wetting and drying cycles

3.4

SPECIMEN PREPARATION

To maintain the same initial gradation for all the CW specimens, the materials were
initially sieved into different sizes (i.e., 6.7, 4.75, 3.3, 2.36, 1.18mm and passing
1.18mm). Due to limited amounts of fines in the as-received CW batch, coarse portions
were crushed to finer sizes using a jaw crusher, a double roller crusher, and a disk
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pulveriser (Figure 3.10). Typical appearances of the selected CW particles are shown in
Figure 3.11.

(b)

(a)

(c)

Figure 3.10 Crushing equipment for producing fine particles (a) jaw crusher, (b) double
roller crusher, and (c) disk pulveriser

Figure 3.11 Typical appearance of selected CW particles
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For triaxial testing, after the dried material was mixed thoroughly, the required amount
of water was added (i.e. 10%). The mixture was left overnight for moisture equilibrium.
Triaxial specimens were prepared using the mould shown in Figure 3.12a, after being
compacted in three layers at different levels of energy. The specimens were compacted
using a 1.5kg hammer dropped from 100mm. For different levels of relative
compaction, the specimens were compacted at different levels of energy by varying the
number of drops. Each specimen was compacted in three 35mm thick layers with four
levels of compaction energy (refer Table 3.3); these were considered to correspond to
85%, 90%, 95%, and 100% of the standard Proctor maximum dry unit weight,
respectively. Before placing each subsequent layer, the top surface of the layer
compacted previously was roughened to avoid layering during shearing; excess material
at the top was trimmed after compacting the last layer. After compaction, the specimens
were extruded using a push piston and sealed with cling film to avoid moisture loss.

After this preparation, the specimen was mounted on the bottom pedestal of the triaxial
rig over a porous stone and a filter paper (Figure 3.12b), but before placing the
membrane, the outer surfaces of the bottom pedestal and top cap were lubricated with
silicon grease to ensure an airtight connection with the membrane. To ensure an isolated
and sealed system between the specimen and water in the cell, two rubber O-rings and
two latex bands were placed on each end of the specimen over the membrane and then
tightened. A mild -5 kPa vacuum was applied onto the specimen to keep it in situ while
placing the O-ring and latex band and setting up the remaining equipment. The pore
water pressure transducer was monitored for 15 minutes to check for any leaks, and then
the triaxial cell was mounted on the base and the screws were tightened.
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(a)

(b)

(c)

(d)

Figure 3.12 Stages of specimen preparation for triaxial testing (a) compaction mould
with compaction hammer and sample extruder, (b) compacted sample mounted
on bottom pedestal, (c) prepared specimen after placing membrane, top cap and
O-ring, (d) finished specimen inside the triaxial equipment, ready for testing.
3.5

TRIAXIAL PROCEDURES

After the specimen was setup, the cell was assembled and filled with water at a rate that
ensured there were no air bubbles entrapped inside the cell chamber. All the values and
pipes were de-aired, and a cell pressure of 10 kPa was applied to ensure the specimen
would not deform during the first stage of saturation. After saturation, the consolidation
and shearing stages were carried out as explained in the following section.
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3.5.1

Saturation

An efficient method to saturate a granular material specimen is to replace the air inside
the voids with carbon dioxide (Selig et al., 1979). CO2 gas was allowed to pass through
the specimen for 20min and then de-aired water was flooded through the base while the
trapped CO2 was expelled through the top cap drainage path. During this stage, a
maximum back pressure of 5 kPa was applied, while cell pressure of 10 kPa was applied
(i.e. the rate of water injected into the specimen was slow enough to prevent the
migration of finer particles). The valve connected to the top cap was then closed, and
the test progressed to the subsequent stages. While maintaining an effective stress of 5
kPa, a saturation ramp was applied until the back pressure reached 100 kPa. The
specimen were kept overnight under this pressure.

To examine the degree of saturation of the specimens, a B-value stage was carried out
by increasing the cell pressure by 50 kPa. Typically, a Skemption's B-value (Eq. 3.2,
Skempton, 1954) that was higher than 0.97 was achieved, but where the B-value was
smaller than 0.90, another saturation stage was applied, and then the cell pressure was
brought back to its original value before proceeding to the consolidation stage.
𝐵𝑆𝑘𝑒𝑚𝑝𝑡𝑜𝑛 =

Δ𝑢
Δ𝜎3

(3.2)

where Δ𝑢 is the variation of pore water pressure and Δ𝜎3 is the variation of effective
confining pressure.
3.5.2

Permeability

The permeability of the compacted samples under different RC levels was assessed
using the triaxial cell to create field stress conditions. An effective confining pressure of
50 kPa was selected as the average stress expected on the proposed fill at the Port
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Kembla site. A permeability test was carried out after the specimen was saturated using
the procedure described in section 3.5.1. A constant head condition was applied by
increasing the back water pressure by 5, 10, and 20 kPa. Figure 3.13 shows the average
value of permeability of the CW sample. As the RC increased from 85 to 95%, there
was a gradual decrease in the permeability of CW before a large drop occurred at
RC100; they were compared to the values of soils between fine sand and silty clay
(Look. B, 2007).

Figure 3.13 Applied compaction energy and permeability of CW specimens

3.5.3

Isotropic consolidation

At this stage the cell pressure was raised to the required mean effective stress value
shown in Table 3.4. Consolidation commenced by allowing water inside the specimen
to drain through the bottom of the specimen (i.e. one-way drainage). The end of the
consolidation stages was ascertained by examining the rate of volume change of the
specimen (i.e. rate of volume change smaller than 1 mm3/min). The cross-sectional area
of the specimen after shearing was determined using the results of the consolidation
stage where the rate of axial displacement during drained and undrained shearing was
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selected in accordance with ASTM D7181 (2011) and ASTM D4767 (2011),
respectively (i.e. the time for 50% and 90% of consolidation (t50 and t90) was calculated
using the method proposed by Casagrande, 1938 (reported in Holtz et al., 2011) and
Taylor(1948), respectively). An example of consolidation test results and the method
for t50 and t90 consolidation are presented in Figure 3.14.

Figure 3.14 Consolidation of RC100 specimen under 50 kPa mean effective stress; (a)
the determination of t90; and, (b) the determination of t50.

In accordance with the ASTM standard, the maximum strain rate (𝜀 ) can be calculated
using Eqs. (3.3) and (3.4) for drained shearing and undrained shearing, respectively.
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𝜀=

4%
10 𝑡90

(3.3)

𝜀=

4%
10 𝑡50

(3.4)

where t50 and t90 is the time for 50% and 90% consolidation, respectively.

3.5.4

Drained shearing

After consolidation, the specimen was sheared at a constant rate of displacement of
0.1mm/min, a rate of strain estimated using Eq. (3.3) and selected in accordance with
ASTM D7181 (2011). This rate of strain was low enough to prevent pore water
pressure from being generated. The cell and back pressure was maintained constant
during the shearing stage, the drainage value connected to the back pressure/volume
controller was kept open and thus a fully drained condition was maintained. The
specimen was sheared whilst in a strain control mode. This test was usually terminated
once no further volume and deviator stress could be measured (i.e., critical state).
Typically, an axial strain of 35% for the RC90 and RC95 specimens, and 20% for the
RC100 specimen was enough to attain a critical state, although some of the RC90
specimens tested under high confining pressure did not reach a critical state. To correct
the cross-sectional area during shearing, a method proposed in ASTM D7181 (2011)
(i.e. Eq. (3.6)) was used.

All the calculations in triaxial testing were based on the sizes of specimens after
consolidation, so it is important to determine the height (Hc) and cross-sectional area
(Ac) of each specimen after consolidation. In this study Eqs. (3.5) and (3.6) were used as
follows:
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𝐻𝑐 = 𝐻0 − Δ𝐻0

𝐴𝑐 =

𝑉0 − Δ𝑉𝑠𝑎𝑡 − Δ𝑉𝑐
𝐻𝑐

(3.5)

(3.6)

where 𝐻0 is initial height of the specimen, Δ𝐻0 is the change in height of the specimen
at the end of consolidation, 𝑉0 is the initial volume of the specimen, Δ𝑉𝑠𝑎𝑡 is the change
in volume of the specimen during saturation that could be calculated using Eq. (3.7),
and Δ𝑉𝑐 is the change in volume of the specimen during consolidation.
Δ𝐻𝑠
𝐻0

Δ𝑉𝑠𝑎𝑡 = 3𝑉0

(3.7)

where Δ𝐻𝑠 is the change in height of the specimen during saturation.

For the shearing stage, the axial strain (𝜀1 ), cross-sectional area for a given applied axial
load (𝐴𝐿𝐷 ), deviator stress (q), volumetric strain (𝜀𝑣 ), lateral strain (𝜀3 ), shear strain
(𝜀𝑠 ), and mean effective stress (p') were calculated using Eqs. (3.8) to (3.14).

𝜀1 =

𝐴𝐿𝐷 =

Δ𝐻𝑠
𝐻𝑐

(3.8)

𝑉𝑐 − Δ𝑉𝑠
𝐻𝑐 − Δ𝐻𝑠

𝑞 = 𝜎1′ − 𝜎3′ =

𝜀𝑣 =

𝑃
𝐴𝐿𝐷

Δ𝑉𝑠
𝑉𝑐
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(3.9)

(3.10)

(3.11)

𝜀𝑣 − 𝜀1
2

(3.12)

2 𝜀1 − 𝜀3
3

(3.13)

𝜎1′ + 2𝜎3′
𝑝 =
3

(3.14)

𝜀3 =

𝜀𝑠 =

′

In the above Δ𝐻𝑠 is the change in height of the specimen during loading, 𝐻𝑐 is the
height of the specimen after consolidation, 𝑉𝑐 is the volume of the specimen after
consolidation, Δ𝑉𝑠 is the change in volume of the specimen from the start of shearing to
any strain, Δ𝐻𝑠 is the change in height of the specimen from the start of shearing to any
strain, 𝜎1′ is the major effective stress, 𝜎3′ is the effective confining pressure, P is the
axial load on the specimen, and p' is the mean effective stress.
3.5.5

Undrained shearing

After consolidation the specimen was sheared at a constant displacement rate of
0.1mm/min, a rate of strain estimated using Eq. (3.4) and selected in accordance with
ASTM D4767 (2011). This rate of strain was low enough to allow the pore water
pressure to equalise throughout the specimen. The cell pressure was maintained constant
during the shearing stage while the drainage valve connected to the back
pressure/volume controller was closed. The specimen was sheared whilst in a strain
control mode. This test was usually terminated once there were no further variations of
deviator stress and pore water pressure (i.e., critical state). Typically an axial strain of
18% for all of RC85, RC90, RC95 and RC100 specimen was sufficient to attain critical
state. To correct the cross-sectional area during shearing, a method proposed in ASTM
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D4767 (2011) (i.e. Eq. (3.16)) was used. The specimen height (Hc) and cross-sectional
area (Ac) after consolidation were determined using Eq. (3.5) and Eq. (3.6), respectively.

For the shearing stage, the axial strain (𝜀1 ), cross-sectional area for a given applied axial
load (𝐴𝐿𝑈 ), deviator stress (q), effective confining pressure (𝜎3′ ), and mean effective
stress (p') were calculated using Eqs. (3.15) to (3.19).

𝜀1 =

𝐴𝐿𝑈 =

Δ𝐻𝑠
𝐻𝑐

(3.15)

𝐴𝑐
1 − 𝜀1

𝑞 = 𝜎1′ − 𝜎3′ =

𝑃
𝐴𝐿𝑈

(3.16)

(3.17)

𝜎3′ = 𝜎3 − Δ𝑢

(3.18)

𝜎1′ + 2𝜎3′
𝑝 =
3

(3.19)

′

where Δ𝐻𝑠 is the change in height of the specimen during loading, 𝐻𝑐 is the height of
the specimen after consolidation, 𝜎1′ is the major effective stress, 𝜎3′ is the effective
confining pressure, 𝜎3 is the total confining pressure, P is the axial load on the
specimen, Δ𝑢 is the excess pore water pressure, and p' is the mean effective stress.

Observations of the micropore structure in coal particles through SEM (Figure 3.4) and
other past studies (i.e., Lu and Do,1992; Indraratna et al.,1994) indicated the possibility
of a change in volume during undrained shearing because the pore fluid within the
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micropores was expected to compress as the pore water pressure increased. For this
reason, the change in volume during undrained shearing was measured using a water
pressure volume controller (accuracy of 1mm3) connected to the triaxial cell, following
the procedure outlined by Garga and Zhang (1997).
3.5.6

Repeatability of test results

The repeatability of the triaxial tests was checked. An example of drained stress-strain
response of four specimens compacted at an RC level of 95% and tested at 50 kPa and
100 kPa mean effective stress (D6, D6d, D7 and D7d) are shown in Figure 3.15. The
specimens for these tests were prepared at the same dry unit weight, water content, and
applied energy, and despite a small variation between the two sets of results, probably
due to some dissimilarity in the fabric derived from small variations in moisture and dry
unit weight, the overall results were in very good agreement (Figure 3.15).

Figure 3.15 Repeatability of triaxial test results on RC95-CD50 and RC95-CD100 in
drained shearing.
3.6

METHOD FOR ESTIMATING BREAKAGE AND THE BREAKAGE
COMPACTION INDEX

Since coalwash particles are relatively weak, a study of breakage derived from
compaction and during shearing (i.e. drained and undrained conditions) was undertaken.
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To evaluate particle breakage, a method that quantifies the changes in particle size
distribution was adopted (see Figure 3.16, Indraratna et al., 2005). Here, the arbitrary
boundary of maximum breakage was fixed based on how the specimen was graded after
shearing. The minimum and maximum particle sizes were assumed to be 0.01mm and 5
mm, respectively. The maximum particle size of arbitrary boundary corresponds to 95%
passing of the specimen RC100 (d95i, Figure 3.16). Breakage index (B) is defined as a
ratio between the area loss caused by a shift in PSD (region A) and an area between the
initial PSD and arbitrary boundary (region A+C), while the subscript 'c' and 't' refers to
the breakage index estimated after compaction and after shearing.

The compaction induced breakage that occurred during specimen preparation at various
levels of compaction energy is known as the breakage index (Bc) and is shown in Table
3.3. The associated shift in PSD is shown in Figure 3.17. Note that the amount of
breakage occurring during compaction can be related directly to the relative compaction
(RC) level. Although the PSD curves representing RC levels of 85, 90, 95 and 100%
almost coincide for particles sizes of less than 0.6mm and exceeding 5 mm, there are
noticeable differences between 0.6 to 5 mm, particularly around 0.3 mm (Figure 3.17).
The higher the RC level, the larger the percentage of particles ranging from 0.6 to 5
mm, indicating that a higher densification is achieved for higher RC levels.
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Figure 3.16 Definition of CW breakage index (modified after Indraratna et al.,2005).

Figure 3.17 Typical PSD curves used to quantify particle breakage after compaction for
different energy levels (modified after Heitor et al, 2016)
3.7

SUMMARY

The behaviour of coalwash under different levels of compaction energy was considered
to evaluate its suitability in terms of potential use as a structural fill. This chapter
included details of the index tests (i.e. PSD, Atterberg's limits, permeability), the
microstructural characterisation, and the laboratory program proposed for describing the
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geotechnical properties of coalwash. Due to limitations in the size of the specimens, a
parallel gradation with a maximum particle size of 8mm was used for the laboratory
test. To eliminate the effects of particle size distribution on the behaviour of the
specimens, they were prepared with the same initial PSD. A study examining particle
degradation under alternate wetting and drying, and particle breakage during
compaction was presented. Finally, the details associated with the method utilised for
assessing particle breakage was outlined, particularly that caused by compaction
processes.
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CHAPTER FOUR
4 THE STRESS STRAIN BEHAVIOUR OF COALWASH

4.1

INTRODUCTION

In chapter 3 the preliminary geotechnical characteristics of CW were discussed. To
investigate the stress-strain behaviour, shear strength and associated particle breakage
characteristics of CW, an extensive testing program was carried out on the material, as
reported in this chapter.

Laboratory tests on coalwash at various levels of relative compaction (RC) were tested
under drained and undrained triaxial compression and extension to evaluate the short
and long term behaviour of CW. The aim of the study, as shown in this chapter, was to
evaluate the stress-strain behaviour of CW and determine the key parameters used in the
analytical and numerical modelling frameworks described in later chapters. Moreover,
the effect of confining pressure and the level of relative compaction on the mechanical
behaviour of CW such as the stress-strain and volumetric strain behaviour, yield stress,
critical states, isotropic compression lines, dilatancy behaviour and particle breakage,
were also evaluated. Some of the contents of this chapter are partially reproduced from
my past publications.

4.2

TRIAXIAL SHEARING UNDER DRAINED CONDITIONS

In order to assess the stress-strain and change in volume of CW, a series of consolidated
isotropically drained (CID) triaxial tests were carried out on three different levels of RC
(i.e., 90%, 95% and 100%). Specimen preparation, saturation, consolidation, and
shearing procedures were outlined in Chapter 3. The specimens were consolidated into
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four different effective confining pressures (25, 50, 100 and 150kPa) to mimic typical
port loading conditions, and then sheared under drained conditions. An additional
specimen under an effective pressure of 200kPa was tested for RC95 and RC100 to
study the stress-strain and particle breakage behaviour. Table 4.1 presents a summary of
the isotropically consolidated drained (CID) tests, including the corresponding peak
deviator stress (qpeak), the peak mean effective stress (p'peak), and the peak friction angle
(’p) observed during the tests. The results of drained triaxial test in terms of deviator
stress-axial strain, volumetric strain, stress path, and critical state line (CSL) for RC90,
RC95 and RC100, are plotted in Figures 4.1 to 4.3.

As expected, by increasing the effective confining pressure from 25kPa to 200kPa, the
peak deviator stress (qpeak), the amount of volumetric compression, and the initial
deformation also increases; such that the volumetric responses initially indicates a small
compression followed by volumetric dilation. Peak deviator stress occurs at maximum
dilation in the tests corresponding to low confining pressure (i.e., RC95, 3'=25kPa and
RC100, 3'=25kPa and 50kPa), whereas compression occurs at higher effective
confining pressures. This implies that the dilation and compression of CW is subjected
to the initial compaction state and associated void ratio, and the confining pressure (i.e.
the position of initial conditions compared to the CSL, e.g. Roscoe et al., 1963; Rowe,
1962; and Been et al., 1991). Volumetric compression and strain hardening occurs in
those specimens located on the wet side of CSL. Similar behaviour was reported in
previous studies on the behaviour of granular material, for instance, Been and Jefferies
(1985) and Indraratna et al.(2014).
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To determine the yield points of the specimen, the procedure suggested by Karner et al.
(2003) was adopted. The yield point has been interpreted as the point corresponding to a
change in the slope of the volumetric strain with mean effective stress plot. The mean
effective stress and the deviator stress corresponding to the point of yield are presented
in Table 4.1. The position of the yield stress is highlighted by a solid, dark circular
symbol on the stress-strain results of RC90, RC95, and RC100 specimens, as shown in
Figures 4.1 to 4.3, respectively. As expected, the yield stress increases as the effective
confining pressure increases; this occurs in every specimen, apart from the RC90
specimen, where there is a marked difference at an effective confining pressure of
150kPa.

The effects of relative compaction can be observed by comparing the stress-strain
response under different levels of confining pressure; the results are shown in Figure
4.4. For the same RC level, the stress-strain behaviour in terms of deviator stress (q) and
axial strain (𝜀1 ) illustrated in Figure 4.4(a, c and e) of the compacted coalwash was
found to depend on the effective confining pressure. As expected, the initial slope of the
stress-strain curve increases as the confining pressure increases. For a low confining
pressure typically less than 50kPa, the material exhibits a slight post-peak softening but
for a higher confining pressure typically exceeding 100kPa, there is a more pronounced
strain hardening response.

For increasing RC levels, the stress-strain response for the same confining pressure
changes from predominately strain hardening to post-peak softening, while the
specimens prepared at different RC levels (i.e. 90%, 95% and 100%) converge towards
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approximately the same residual deviator stress. This indicates that the CW shear
response for different RC levels is similar to specimens of loose or dense sand.
Table 4.1 Summary of the peak state for drained triaxial tests
Compaction Specimen
level
ID

Initial
condition
3'

eo

(kPa)

Peak state
qpeak

’p

(kPa) (kPa)

(o)

p'peak

Yield
stress
(q/p')peak

p'yd

qyd

D1

25

0.462

52

81

38.1

1.55

50

75

D2

50

0.466

100

149

36.8

1.50

92

126

D3

100

0.464

198

294

36.5

1.48

155

164

D4

150

0.475

297

442

36.6

1.49

179

87

D5

25

0.389

67

127

45.9

1.89

63

113

D6

50

0.392

105

166

38.6

1.58

103

159

D7

100

0.393

197

290

36.3

1.47

164

193

D8

150

0.392

294

432

36.2

1.47

225

226

D9

200

0.399

385

554

35.5

1.44

298

294

D10

25

0.335

76

152

48.8

2.01

73

145

D11

50

0.325

131

243

45.1

1.85

121

212

D12

100

0.334

207

321

38.0

1.55

197

291

D13

150

0.325

293

429

36.0

1.46

251

304

D14

200

0.333

383

549

35.4

1.43

317

350

D15

400

0.267

774

1122 35.7

1.45

580

470

RC90

RC95

RC100
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Figure 4.1 Drained triaxial shearing test on CW at RC90 under four confining pressures in terms of: (a) stress-strain; (b) volumetric
behaviour; (c) q-p' space, and (d) stress path in e-p' space.
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Figure 4.2 Drained triaxial shearing test on CW at RC95 under four confining pressures in terms of: (a) stress-strain; (b) volumetric
behaviour; (c) q-p' space, and (d) stress path in e-p' space.
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Figure 4.3 Drained triaxial shearing test on CW at RC100 under four confining pressures in terms of: (a) stress-strain; (b) volumetric
behaviour; (c) q-p' space, and (d) stress path in e-p' space.
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The associated volumetric behaviour is shown in Figure 4.4 (b, d and f). The figure
shows that the RC90 specimen indicate mainly compressive behaviour while the RC95
and RC100 specimens are dilated at lower effective confining pressures (i.e. 25 and
50kPa). At larger strains, all the specimens attain a relatively constant volume, although
this is more noticeable for those specimens prepared at RC95 and RC100. The existence
of a constant volume or critical state for granular materials exhibiting particle
degradation during shearing is often challenged because continued shearing promotes
additional particle breakage despite shearing continuing for large strains. However, the
results shown in Figure 4.4(b, d and f) indicate that a critical state can be achieved for
coalwash. Typically, strain localisation was not noticeable, apart from the RC100
specimen tested at 50 kPa confining pressure. Thus, the overall interpretation of CSL
still holds for CW. For instance, the RC95 specimens attained a critical state for axial
strains of about 35% while the RC100 specimens approached their critical state for axial
strains up to 20%. The specimens compacted at 90% of RC and tested at high effective
confining pressure (i.e., 100 and 150kPa), did not reach their critical state due to the
limitation bound to capacity of triaxial apparatus (i.e. in terms of maximum axial strain
attained).
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Figure 4.4 Comparison of drained shear results for compacted coalwash prepared at 90, 95 and 100% relative compaction: (a, c & e)
deviator stress; and (b, d & f) volumetric strain, respectively.
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4.3

TRIAIXAL SHEARING UNDER UNDRAINED CONDITIONS

To assess the stress-strain and pore water pressure behaviour of CW, a series of
consolidated isotropically undrained (CIU) triaxial tests were carried out on four
different levels of RC (i.e., 85%, 90%, 95% and 100%). The preparation, saturation,
consolidation and shearing of the specimen were described in Chapter 3. Typically,
those specimens of RC 90%, 95% and 100% level were isotropically consolidated with
five different effective confining pressures (50, 100, 200, 400 and 600kPa) and then
sheared under undrained conditions, and one RC90 specimen under an effective
pressure of 25kPa was tested to study the stress-strain, critical state, and particle
breakage. From the specimens compacted to 85% level of relative compaction, one was
tested at a confining pressure of 15kPa to investigate its stress-strain and critical state
behaviour.

Table 4.2 presents a summary of the CIU tests, including the peak deviator stress (qpeak),
the peak mean effective stress (p'peak), the stress ratio at peak stress, deviator stress (qcr)
at critical state, the mean effective stress (p'cr) at its critical state, and the stress ratio at
its critical state. The results of the undrained triaxial test in terms of stress-strain, excess
pore water pressure, stress path, volume change and critical state line (CSL) for RC85,
RC90, RC95 and RC100, are plotted in Figures 4.5 to 4.8.

As expected, the specimen with RC > 90%, as the effective confining pressure increases
from 50kPa to 600kPa, the peak deviator stress (qpeak) and excess pore water pressure
(u) also increases. The stress ratio at the peak deviator stress decreases as the
confining pressure increases. The RC100 specimen tested at low confining pressure (i.e.
3' = 50kPa) experiences a negative excess pore water pressure due to dilation.
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Table 4.2 Summary of the peak state for undrained triaxial tests
Compac- SpecimInitial
tion
en ID
condition
levels
e0
3',in
(kPa)

Peak state
p'peak

Critical State

qpeak (q/p')pe- p'cr

(kPa) (kPa)

ak

qcr

(q/p')cr

(kPa) (kPa)

u
(kPa)

RC85 U1

15

0.569

15

19

1.23

0

0

-

15

U2

25

0.479

23

35

1.54

6

9

1.46

22

U3

50

0.480

49

65

1.32

9

12

1.43

45

U4

100

0.480

71

85

1.19

15

22

1.51

93

U5

200

0.476

124

137

1.11

44

61

1.39

177

U6

400

0.474

204

225

1.10

88

123

1.40

353

U7

600

0.478

320

305

0.95

145

196

1.35

520

U8

50

0.402

73

112

1.53

64

93

1.45

19

U9

100

0.400

112

173

1.55

75

111

1.49

64

RC95 U10

200

0.405

162

232

1.43

101

152

1.51

150

U11

400

0.393

249

310

1.24

120

171

1.42

337

U12

600

0.404

319

386

1.21

168

223

1.32

506

U13

50

0.327

152

250

1.64

134

184

1.38

-23

U14

100

0.331

187

300

1.60

157

217

1.38

15

RC100 U15

200

0.331

238

386

1.63

176

237

1.34

97

U16

400

0.327

302

432

1.43

185

256

1.39

301

U17

600

0.332

404

556

1.38

260

356

1.37

458

RC90

The change in volume during undrained shearing was measured using a water pressure
volume controller (accuracy of 1mm3) connected to the triaxial cell, and by following
the procedure outlined by Garga and Zhang (1997). The volumetric strain responses
shown in Figures 4.5 to 4.8 complement the effect of breakage during undrained
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shearing that is possibly associated with pore fluid compression (Garga and Zhang,
1997) and a progressive saturation of the coalwash micropores (Lu and Do, 1992).
Typically, no volumetric strains were seen during the undrained shearing of fine grained
materials, but this was not the case for coalwash with inadequately saturated
micropores. Although the volumetric strains were mainly associated with compression
(i.e. water intrudes into the micropores as the pore water pressure develops), although in
some cases dilation occurred.

To assess how relative compaction affects the undrained behaviour of CW, the stressstrain response of compacted coalwash prepared at different RC levels is shown in
Figure 4.9. The changes of deviator stress and pore water pressure with axial strain are
shown in Figure 4.9 (a, c & e) and Figure 4.9 ( b, d & f), respectively. The results reveal
that for a given effective confining pressure, the deviator stress increases as the relative
compaction increases, while the excess pore water pressure decreases. For all levels of
RC except RC100 under 50 and 200kPa, an increase in the initial confining pressure
results in an increase in the pore water pressure, which becames relatively constant
when the axial strains exceed 5%. Those specimens that dilate also experience a
corresponding drop in the pore water pressure (i.e. specimens prepared at an RC of
100% and tested under confining pressures of 50 and 200kPa).

4.4

PARTICLE BREAKAGE

After shearing, a particle size analysis was carried out to estimate the amount of particle
breakage that occurred during shearing. Figure 4.10 shows how the PSD curves of CW
specimens changed at the end of the undrained and drained tests carried out at different
initial effective confining pressures.
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Figure 4.5 Undrained triaxial shear test on CW at RC85 under 15kPa confining pressures in terms of: (a) stress-strain; (b) excess pore water
pressure; (c) q-p' space, and (d) volumetric behaviour.
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Figure 4.6 Undrained triaxial shear test on CW at RC90 under six different confining pressures in terms of: (a) stress-strain; (b) excess pore
water pressure; (c) q-p' space, and (d) volumetric behaviour.
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Figure 4.7 Undrained triaxial shear test on CW at RC95 under five different confining pressures in terms of: (a) stress-strain; (b) excess
pore water pressure; (c) q-p' space, and (d) volumetric behaviour.
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Figure 4.8 Undrained triaxial shear test on CW at RC100 under five different confining pressures in terms of: (a) stress-strain; (b) excess
pore water pressure; (c) q-p' space, and (d) volumetric behaviour.
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Figure 4.9 Undrained shear results for compacted coalwash prepared at 90, 95 and 100% relative compaction: (a, c & e) deviator stress; and
(b, d & f) excess pore water pressure, respectively.
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For comparison, the PSD curves representing the initial gradations and those after
compaction for the various levels of RC are also presented. Note that particle breakage
is very significant during compaction and also during the compression and shearing
stages. Indeed, the higher the effective confining pressure, the broader the particle
gradation, which indicates there is a larger incidence of breakage during shearing. The
predominant particle size range differs from compaction, with a significant PSD shift
towards the lower size particles under undrained conditions (RC90 = 0.1 to 2 mm,
RC95 = 0.04 to 2 mm, and RC100 = 0.02 to 2 mm), and for drained shearing conditions
(RC90 = 0.4 to 2 mm, RC95 = 0.1 to 2 mm, and RC100 = 0.03 to 2 mm). This
difference in particle size gradation between the various RC levels is due to compaction
and the generation of excess pore water pressure during undrained shearing. The
particle breakage of CW at the end of shearing for drained and undrained test conditions
is shown in Figures 4.11a and 4.11b respectively. Drained shearing shows a family of
linear lines that expresses the relationship between the mean effective stress and particle
breakage (Figure 4.11a). At every level of RC there is an increase in particle breakage
corresponding to increase in the mean effective stress. The upward shift in total
breakage – mean effective stress lines observed for increasing levels of compaction
energy is related mainly to compaction induced breakage, whereas particle breakage
under undrained shearing indicates trilinear relationship. At a mean effective stress (p')
of 127kPa (interpreted as the critical breakage stress) there is a marked difference in
slope between the mean effective stress and particle breakage. After this transition
point, significant particle breakage occurs, that demonstrates the importance of pore
water pressure on the particle breakage characteristics. This is likely due to the fact that
CW is a dual porosity material, and thus an increase in the pore water pressure in the
micropores may exacerbate particle breakage (Figure 4.11b). The second transition at
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187kPa was associated with the corresponding change in slope of the critical state line
described in detail in section 4.5.

Figure 4.10 PSD curves used to quantify particle breakage after shearing for different
initial effective confining pressures: (a, b & c) undrained shearing; (d, e & f)
drained shearing.
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Figure 4.11 Total particle breakage of compacted CW: (a) drained shearing (b)
undrained shearing.

To study how the level of strain affects particle breakage of CW, additional particle
breakage analysis after drained shearing on RC95 samples that were terminated at 5, 10,
15, and 20% levels of axial strain were carried out. After reaching the chosen level of
strain, shearing stopped and a particle size analysis was carried out to determine the
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post-shearing gradation. The amount of particle breakage due to shearing (Bs) is plotted
against the axial and volumetric strain, as shown in Figure 4.12. Typically, particle
breakage gradually increases as the level of axial strain and confining pressure
increases. At a low confining pressure of 25kPa, particle breakage steadily increases as
the axial strain increases, whereas there is an almost linear increase in confining
pressure over 50kPa and upto 15% of axial strain, and a decrease in the rate of particle
breakage at 20% axial strain for confining pressures of 50kPa and 100kPa. Figure 4.12b
shows the influence of particle breakage on the associated increase in volumetric strain
where the higher the incidence of particle breakage, the greater the volumetric strain,
while the rate of increase between particle breakage and volume change vary between
different confining pressures. Moreover, particle breakage also induces volumetric
compression at a low confining pressure (25kPa), despite having a dilative behaviour.

Figure 4.12 Progress of particle breakage with increase in axial strain.

4.5

CRITICAL STATE

Variations in the stress ratio (q/p') with axial strain (ε1 )) after drained and undrained
compression tests for specimens compacted at RC of 90%, 95%, and 100% are shown
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in Figure 4.13. In drained and undrained test conditions, the data indicates that the stress
ratio swiftly converges to a constant value once a certain level of axial strain is
exceeded, i.e. for ε1 > 20% for drained tests (Figure 4.13 (a, c & e)), and ε1 > 10% for
undrained tests (Figure 4.13 (b, d & f)).

Figure 4.13 Stress ratio with axial strain for compacted coalwash prepared at 90%, 95%,
and 100% relative compaction: (a, c &e) drained shearing; (b, d & f) undrained
shearing.
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The values of mean effective stress and deviator stress at or approaching the critical
state for drained and undrained shearing tests are shown in Figure 4.14. Here the stress
ratio (q/p') at or approaching the critical state defines a unique gradient (Mc = 1.41) for
the same line that captures the results of the drained and undrained tests. Moreover, it
appears that the critical state gradient is independent of the initial level of RC because
all the specimens compacted at RC = 90%, 95%, and 100% define the same
relationship, as would be expected for coalwash. Along this critical state line, the
corresponding friction angle (cs) is 34.8o; although the apparent angle of friction at a
critical state may be expected to increase with a higher level of compaction, with
coalwash, a higher level of compaction exacerbates particle degradation, which then
impedes any significant increase in the apparent friction angle.

Figure 4.14 Critical stress line of compacted coalwash in 𝑞 − 𝑝′ space under drained and
undrained conditions.

The mean effective stress and void ratio at a critical state for drained and undrained
shearing tests are plotted in Figure 4.15. In some of the drained tests, a critical state was
98

not reached at higher confining pressure despite shearing carried out to the maximum
capacity of the triaxial equipment; i.e., a maximum of 35% axial strain could be applied
to specimens prepared at an RC level of 90%. Therefore, an extrapolation method
proposed by Carrera et al. (2011) was used to estimate the location of the critical state.
While the critical state of all specimens defines a unique line in the q/p' plane (Figure
4.14), in the compression plane (𝑒 − ln 𝑝′ ) different RC levels are represented by
distinct lines (Figure 4.15). Interestingly, the critical state in 𝑒 − ln 𝑝′ space has a
distinct pattern that is similar to the particle breakage results for drained and undrained
tests. The results of the drained tests indicate that a family of critical state lines (CSL)
can to be defined for specimens prepared at different RC levels. The specific void ratio
of the CSL under drained condition for RC90, RC95, and RC100 samples was
interpreted as 0.66, 0.64, and 0.62, respectively, while the gradient of CSL was 0.06.
While this behaviour might not seem to be intuitive at first, it can be explained if the
initial particle size gradation (Figure 3.17) is considered. The broader the PSD resulting
from the compaction process, the denser the particle packing and the lower the limiting
value of the void ratio. Hence the location of drained CSL is associated directly with the
level of compaction energy adopted, that is, the position moves towards the smaller void
ratios for larger compaction energy levels. Similar observations have been reported for
sands prepared with different initial PSD (Kikumoto et al., 2010).

The CSL for undrained shearing was non-linear across the 𝑒 − ln 𝑝′ plane, and typically
included three different stress parts (segments A, B and C), each having unique
deformation characteristics marked by noticeable changes in the gradient of the CSL
line, at mean effective stresses of 127kPa and 189kPa. The critical state line parameters
of coalwash under undrained shearing condition such as the void ratio, compression
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slope, and mean effective stress, are given in Table 4.3. For a mean effective stress
larger than 127kPa, there is a sharp decrease in the void ratio for a relatively small
change in 𝑝′ ;, this can be attributed to significant particle breakage and recompression
behaviour at higher stresses

Figure 4.15 Critical state of compacted coalwash (a) in terms of 𝑒 − ln 𝑝′ and (b)
breakage.
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Table 4.3 Parameters of critical state line under undrained shearing condition
Critical state line

Void ratio, e

Compression

Mean

slope, 

stress, p' (kPa)

effective

Segment A

0.570-0.362

0.043

1-127

Segment B

0.362-0.267

0.250

127-189

Segment C

< 0.267

0.087

> 189

Segment A follows a conventional semi-logarithmic linear response where the
volumetric strain is mainly associated with particle rearrangement resulting from sliding
and rotation. The compression slope () of segment A is 0.043, but when the critical
′
breakage stress (𝑝𝑐𝑏
= 127 kPa) is exceeded, an aggravated particle breakage

commences and results in a sharp change in slope of the CSL (Figure 4.15b). Increased
breakage in this segment may be attributed to an increase in pore water pressure in the
micropores that likely caused more particles to fracture. This implies that the confining
pressure and pore fluid pressure largely govern the undrained strength and breakage
characteristics of coalwash in this range. Furthermore, this difference in the breakage
characteristics explains the steeper compression slope ( = 0.25) observed for mean
effective stress exceeding the critical breakage stress (𝑝′ = 127𝑘𝑃𝑎) on the 𝑒 − ln 𝑝′
space. In segment C, for mean effective stresses larger than the second transition (i.e. p'
= 189 kPa), the slope of the CSL line is smoother, indicating that particle breakage may
not significantly influence deformation (i.e., Figure 4.15b tests U15, U16 and U17) as
suggested by Russell and Khalili (2002).
4.5.1

Comparison of coalwash critical state with other granular material

To compare the critical state of CW with other granular materials, the critical state line
representing undrained shearing was plotted with the CSLs of other granular materials
such as sand and other mining wastes (Figure 4.16). Coalwash has a lower critical
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′
breakage stress (𝑝𝑐𝑏
); this is defined as the stress level at which the first transition in

compression slope occurs. Moreover, while a single transition in the slope of CSL for
other granular materials has been attributed to particle breakage or crushing from a
′
qualitative standpoint, i.e., gold tailings at 𝑝𝑐𝑏
= 225 kPa (Bedin et al., 2012), Erksak
′
′
sand at 𝑝𝑐𝑏
= 1.3 MPa (Been et al., 1991) and Cambria sand at 𝑝𝑐𝑏
= 4 MPa

(Yamamuro et al., 1996), limited studies have quantitatively shown that this is
associated with a larger incidence of breakage.

Figure 4.16 Comparison of critical state line in e-ln p' space of coalwash (undrained
shearing) with other granular materials.
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4.6

STRESS-DILATANCY RESPONSE

In a dense granular material, the volume expansion subsequent to initial compression
during shearing is defined as dilation. This term is used to quantify the change in
volume in relation to the peak deviator stress under a given confining pressure.

𝑑𝑔 = 𝛿𝜀𝑣 / 𝛿𝜀𝑠
(4.1)

The dilatancy ratio (𝑑𝑔 ) has been studied by various researchers to explain the dilatancy
of granular materials (e.g. Rowe, 1962; Nova and Wood, 1979; Been and Jefferies,
1985, Li and Dafalias, 2002; Imam et al., 2005). Dilation helps to explain the decrease
in the peak friction angle with the confining pressure, while a null rate of dilation
corresponds to the critical state. Moreover, the concept of dilation can be used to predict
the behaviour of granular material under drained triaxial shearing. In this study, the
effect of confining pressure and the level of relative compaction on the dilatancy of CW
were investigated, and the impact of confining pressure and RC levels on dilatancy were
evaluated and described.

The stress-dilatancy response of CW under three levels of RC is plotted in Figure 4.17.
There is some scatter at low levels of stress (i.e. 25 and 50kPa), that is likely associated
with the method used to calculate the rate of dilation, i.e. the ratio of two small values
of strain. However, the specimens tested at the same RC level but at different initial
confining pressures indicate that the stress-dilatancy response has similar patterns.
Although the paths are approximately vertical with a small rate of compression (i.e. dg =
0.6) that is possibly associated to the increase of mean effective stress during drained
shearing, there is a well-defined yield point where the path deviates (Figure 4.17). This
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yield point represents a change in the rate of dilatancy that attains shortly before they
reach their peak strength, so it is likely the point where the specimen starts to yield. The
exception is the path of the specimen that was tested at 400kPa confining pressure,
which is inclined slightly to the right, as a result the initial path is not quite unique.
Nonetheless, an apparent change of direction is still noticeable just before the peak
strength is attained. This likely indicates that a large plastic strain occurs before the path
changes direction.

Figure 4.17 Stress-dilatancy response of CW under various RC levels in drained triaxial
shearing.
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After the yield point, the rate of dilation rises sharply, attaining a maximum at the peak
stress ratio, towards a critical state. Cuccovillo and Coop (1999) reported similar
observations for cemented sands. The occurrence of an inclined path before yield likely
represents the onset of particle degradation; which is also supported by an increase in
the rates of compression (dg = 0.58 to 0.82) that indicate a specimen is undergoing high
volumetric strains resulting from particle breakage.

The results for the RC 90 show the CW was contracting despite shearing being carried
out at relatively low confining pressure (i.e., 25kPa). As expected, the amount of
dilation decreases towards a zero value at the critical state under any given confining
pressure. Under RC95 and RC100 compaction, the specimen at low confining pressure
with 50kPa shows some dilation, but as the level of relative compaction rises, so
maximum dilatancy increases. A comparison of the stress – dilatancy of CW under
different levels of relative compaction is shown in Figure 4.18 where, under a given
confining pressure, the trend of dilatancy generally shifts to the left as the level of
relative compaction increases. This indicates dilative behaviour under a low 𝜎3′ and the
amount of dilation which increases with the increase in RC levels (i.e., the maximum
dilatancy ratio was -0.4 and -0.6 for the RC95 and RC100, respectively, as shown in
Figure 4.18(a)). Furthermore, under a high 𝜎3′ , the rate of compression decreases as the
RC level increases.
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Figure 4.18 Influence of relative compaction on the stress – dilatancy response of CW
under various confining pressure.

4.7
4.7.1

THE YIELDING BEHAVIOUR OF COMPACTED COALWASH
Isotropic compression behaviour

To study the isotropic compression line (ICL) and yield characteristics of CW, four
isotropic compression tests were carried out at different levels of relative compaction.
Except for one specimen under RC95, the specimens were consolidated isotropically to
a mean effective stress of 1.4MPa for every test (Table 4.4). To establish the elastic
parameters of CW, the unloading and reloading stages were carried out, but for every
increment of confining pressure, the specimens were allowed to consolidate until there
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was no further significant change in the volume or pore water pressure. Specimens were
prepared using the compaction mould discussed earlier in section 3.4.

Table 4.4 Lists of isotropic compression test on CW at different RC levels
Test No.

Relative

Dry unit

Initial specific

compaction,

weight, d

void ratio, e0

RC

(kN/m3)

ISO1

RC90

14.77

0.481

ISO2

RC95

15.66

0.397

ISO2a

RC95

15.68

0.395

ISO3

RC100

16.44

0.331

The results of the isotropic compression tests are plotted in Figure 4.19. The isotropic
compression lines (ICL) for CW at various RC levels are highly non-linear, which is
similar to dense sand under high stress (Graham et al, 2004). Furthermore, the degree of
nonlinearity seems to be governed by the RC level, in that it increases as the RC level
increases which implies that CW particles are undergoing degradation. This is
confirmed by a particle analysis of the isotropic compression results shown in Table 4.5,
along with the parameters of isotropic compression such as the specific volume at 1kPa,
the compression slope (ICL), the unloading and reloading slope (𝜅), and the yield stress
(pc'). The yield stress of the isotropic compression test was plotted based on
Casagrande’s method (Casagrande, 1936) because it corresponds to the minimum
possible past stress. The results of different RC’s of CW indicate that the rate and
amount of compression decreases as the RC level increases. This could be attributed to
lower void ratio due to an increase in the compaction effort and breakage of CW at the
same mean effective stress.
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Figure 4.19 Isotropic compression test on CW at different RC levels

Table 4.5 Parameters of isotropic compression line and particle breakage
Relative
compaction

Specific
void ratio,
𝑁

4.7.2

Compression
slope,
𝜆𝐼𝐶𝐿

unloading
and
reloading
slope, 𝜅

Yield
stress,
𝑝𝑐′

Particle
breakage,
𝐵𝑡

(kPa)

RC90

0.771

0.058

0.0071

122

0.283

RC95

0.675

0.054

0.0054

180

0.396

RC100

0.571

0.043

0.0051

259

0.433

Constant stress ratio - stress path testing in compression plane

To study the influence of particle breakage in the compression plane, four additional
compression tests were carried out on a specimen compacted at 95% of relative
compaction. These tests followed a specific stress path so that a constant stress ratio (𝜂
= 0.5, 0.8, 1.0 and 1.2) could be maintained. The initial state of the test specimens is
shown in Table 4.6 and the results of the stress path compression (SPC) test that
maintained a constant stress ratio are plotted in Figure 4.20. The SPC lines of CW at
RC95 levels are non-linear and this nonlinearity increases as the stress ratio increases.
The slope of the compression line increases as the stress ratio increases, e.g. the
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compression slope after yield is 0.063 and 0.096 for stress ratios of 0.5 and 1.2,
respectively. The compression line can generally be approximated by trilinear segments.
The slope of the linear segment of compression line is presented in Table 4.6, and
indicates that the slope of segment A increases from 0.056 to 0.096 as the stress ratio
increases (𝜂 = 0 to 1.2), segment B had a mixed value of compression slope between
0.098 and 0.125, and segment C had an almost constant slope of 0.051 + 0.02 for
various stress ratios.

Figure 4.20 Compression on compacted coalwash to 95% MDD (RC95) along different
stress path in 𝑒 − ln 𝑝′ space
The results of stress path compression, isotropic compression, and the critical state in
undrained conditions are plotted in a three-dimensional representation in a 𝑒 − ln 𝑝′ − 𝜂
space (Figure 4.21). It shows there are three distinct compression regions (A, B and C)
in the S shaped compression surface, of which the slope in region B is the steepest. The
slope of the compression line for each stress ratio along different regions is presented in
Table 4.6. Here, region A represents the compression stress zone before the onset of
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significant particle breakage as having a compression slope that varied with the stress
ratio. Meanwhile, the mean effective stress approaches in region B increases as the
stress ratio decreases (Figure 4.21).

Table 4.6 Critical breakage stress and compression slope under different stress ratio
Stress
ratio

Initial
void
ratio

Critical
breakage
stress
(kPa)

0.0

0.397

1300

Stress at
the end
of
collapse
region
(kPa)
-

0.5

0.401

1100

0.8

0.398

1.0

Compression slope
Segment
A

Segment
B

Segment
C

Particle
breakage,
Bt

0.056

0.093

-

-

-

0.063

0.108

-

0.396

700

1000

0.078

0.098

0.053

0.428

0.399

600

800

0.083

0.125

0.049

0.441

1.2

0.396

400

600

0.096

0.104

0.053

0.453

M=1.41

-

127

189

0.043

0.250

0.087

0.470

The stress zone bordering significant particle breakage corresponds to Region B, so the
bifurcation line between region A and B represents critical breakage stress, which
increases as the stress ratio decreases. The compression slope in the Region B varies
with the stress ratios and had larger value compared with other regions; this means this
region can be denoted as a collapse zone where large volumetric strains are expected. In
Region B, the test duration for each stress increment is much larger than the other
regions (upto 5 days) to attain no significant change in volume due to particle breakage
and subsequent particle rearrangement. The final region C is designated as the stress
zone where particle breakage may not play a significantly role in the deformation
characteristics (Russell and Khalili, 2002) due to close grain contact with more uniform
contact stress distribution at lower void ratio.

110

Figure 4.21 Compression surface from constant stress ratio results in 𝑒 − ln 𝑝′ − 𝜂
space
After the stress path compression test, a particle size analysis was carried out to estimate
how much particle breakage occurred; this is shown in Table 4.6. The total amount of
particle breakage and work done are plotted in Figure 4.22, and a logarithmic
expression is proposed.

Figure 4.22 Particle breakage with total plastic work done for compacted coalwash
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4.7.3

Testing the constant p' - stress path in an extension plane

To examine how coalwash yields in the extension plane, additional extension (constant
p') tests were carried out. Different mean effective stresses were selected to find the
yield stress that corresponds to various RC levels. The mean effective stress (p') is
computed as 𝑝′ = (𝜎1′ + 2𝜎3′ )/3. Figure 4.23 (a, c & e) shows the stress-strain response
obtained for those specimens prepared at RC levels of 90%, 95%, and 100%, along with
indications of the yield stress points (denoted as a black solid circle). The yield points
are interpreted as points where there is a change in slope in the deviator stress and the
volumetric strain plot. With this increase in mean effective stress, the deviator stress and
yield stress also decrease. The corresponding volumetric strain against axial strain is
plotted in Figure 4.23 (b, d and f); as the mean effective stress increases, the deviator
stress and volume strain for the RC95 and RC100 specimens also increases.

With the RC95 specimen, a compressive behaviour is predominantly observed for stress
levels exceeding 50kPa, whereas this behaviour is observed at a low confining pressure
p' = 25kPa in the specimen compacted at RC90. However, the RC100 specimen shows
dilation, which decreases as the mean effective stress is increased. The RC specimens
maintain a constant volume for an axial strain of around 12%. The extension tests were
terminated at 15% of axial strain because the triaxial equipment has a limited capacity.
Typically, specimens began to fail due to strain localisation (necking) (eg. RC95, p' =
150kPa shown in Figure 4.24). The strain at which localised strain occurs decreases as
the RC level increases (eg. 𝜀1 around 9% in RC95 with p' = 150kPa and 4% in RC100
with p' > 100kPa). The deviator stress was almost the same for different RC specimens
under the same mean effective stress, before strain localisation occurred.
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Figure 4.23 Drained constant p' shearing in the extension plane for specimen prepared at RC levels of 90%, 95% and 100%.
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Figure 4.24 Specimen failure due to strain localisation (necking) in triaxial extension
(RC95, p'=150kPa)
4.7.4

Stress path after initial isotropic consolidation in compression plane

The yield stress from a drained condition such as the constant 𝜎3′ in a compression
plane, isotropic consolidation, and a constant p' stress path in the extension plane covers
most of the yield surface locus, except the cap region between a stress ratio of 𝜂 = 0 to
1.2. To investigate the yield stress behaviour in this region, specimens of CW
compacted at RC95 and RC100, were tested with a selected stress path and a constant
stress ratio of Δ𝑞 Δ𝑝′ of 0.66 and 1.2 (Figure 4.25). The mean effective stress and
deviator stress corresponding to the point where yielding takes place are presented in
Table 4.7. The position of the yield stress is highlighted by a dark solid circular symbol
on the stress-strain results of RC95 and RC100 specimens, as shown in Figure 4.25 (a
and b, respectively). As expected, the yield stress increases with the increase in effective
confining pressure and compaction effort.
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Table 4.7 Yield stress along stress path after initial isotropic compression
Relative
compaction

Initial void
ratio, e

Δ𝑞
Δ𝑝′

Yield stress (kPa)
p’yd

qyd

RC95

0.396

-

25

43

RC95

0.392

0.66

213

75

RC95

0.395

1.20

240

177

RC100

0.334

0.66

326

156

RC100

0.332

1.20

335

293

Figure 4.25 Stress path tests results for isotropic consolidation to 100kPa on compacted
CW: (a) RC95 and (b) RC100
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One additional stress path with constant p' test (p' = 25kPa in the RC95 specimen) in the
compression plane was carried out to obtain data near the apex of the yield surface. The
initial void ratio of the test specimen is shown in Table 4.7. The results of the test in
terms of deviator stress and volumetric strain again axial strain are plotted in Figure
4.26, where, as expected, the material exhibited slight post-peak softening after
attaining a peak value of 45kPa. As the mean effective stress is held constant, the yield
stress (of q = 43kPa) is interpreted as the point where a change in slope occurs in the
deviator stress and volumetric planes.

Figure 4.26 Constant p'-stress path after initial isotropic consolidation to 25kPa on
RC95 specimen
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4.8

YIELD SURFACE

Coalwash is a relatively soft crushable granular material with shear and yielding
behaviour that differs from traditionally compacted sands and gravels. The yield stress
of compacted CW prepared at different levels of relative compaction and tested at
different confining pressures through various stress paths is plotted in Figure 4.27, and a
graphical representation of the anisotropic yield surface of compacted CW is also
presented. Geometric representations of similar analytical functions have commonly
been used for other granular materials (i.e. Yasufuku et al (1991), Imam et al (2005) and
Taiebat et al (2008)). As Figure 4.27 shows, the experimental data generally fits the
theoretical envelopes well for both compression and extension, except at the high end
value of p' > 250 kPa for RC = 100%. In essence, the yield envelopes for coalwash
expand anisotropically with an increasing:
i)

mean effective stress, p’, and

ii)

the degree of compaction, with no significant rotation of their orientation (i.e. 
= 0.85 in Figure 4.27).

The exacerbated particle breakage and accumulated fines caused by high levels of
compaction (RC > 90%) lead to an extremely dense packing arrangement, including
micropores that can sustain much more suction than traditional granular fill with larger,
interconnected voids. Being a dual porosity material, coalwash cannot be fully saturated
even at back pressures exceeding 150 kPa because most of the initially occluded air will
remain within the intra-particle skeleton. In summary, densification due to an inevitable
increase in fines due to breakage, and the significant role of micropores and sustained
suction within this tight fabric will lead to an expanding yield surface as the value of RC
increases from 90% to 100% (Figure 4.27).
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By considering a relatively constant friction angle of 34.8o for RC of 90%, 95% and
100%, the associated critical state stress parameters for compression (Mc) and extension
(Me) were determined as 1.41 and 0.96, respectively, using the relationships suggested
by Imam et al (2005). These values control the shape of the yield surface and also
consider the inherent anisotropy due to compaction.

This inherent anisotropy is

represented by rotation of the yield surface above the isotropic stress axis, as expressed
by the stress ratio (𝜂 = ). The equivalent mean effective stress 𝑝𝑦 controls the size of
the yield surface.

Figure 4.27 Yielding behaviour of compacted coalwash for different levels of relative
compaction.
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The analytical relationship that defines the yield surface of compacted CW material is
given in Eqs. (4.2) to (4.4).

𝑓 = (𝜂 − 𝛼)2 − 𝑀𝛼2 1 −
𝑀𝛼 =
𝑀𝑐 =

𝑘𝑦 𝑀

𝑝′
𝑝′𝑦

1/2

=0

−𝛼 𝑀−𝛼

6 sin 𝜙𝑐𝑠
6 sin 𝜙𝑐𝑠
; 𝑀𝑒 =
3 − sin 𝜙𝑐𝑠
3 + sin 𝜙𝑐𝑠

(4.2)
(4.3)

(4.4)

where 𝜂 is stress ratio, 𝛼 is the rotation angle of the yield surface with respect to the
hydrostatic axis, and 𝑘𝑦 is the parameter that controls the shape of the yield surface.
While 𝑘𝑦 takes a value in the order of 5 for liquefiable sands (Imam et al., 2005), for
coalwash 𝑘𝑦 the best-fit values were 1.5, 1.9 and 2.7 for 90, 95, and 100% level of
relative compaction, respectively. The value of 𝑀 is a variable depending on whether
the stress point is above or below the pseudo-hydrostatic axis (Figure 4.27). The
pseudo-hydrostatic axis is described as a constant stress ratio line having a rotation
gradient (𝜂 = 𝛼) on which the peak value of mean effective stress (𝑝𝑦′ ) lies. If the stress
ratio is greater than 𝛼, 𝑀 = 𝑀𝑐 is used to describe the yield surface, otherwise 𝑀 = 𝑀𝑒
is used . Owing to the limited data in extension tests of compacted coalwash, the value
of 𝑀𝑒 was estimated using the friction angle back calculated from the critical state slope
(𝑀𝑐 ) from the compression test.
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4.9

SUMMARY

The suitability of CW as structural fill material for port reclamation was investigated
through a series of drained and undrained triaxial shearing tests under the influence of
various compaction efforts, and by assessing particle breakage. The following
conclusions are drawn:
1. The experimental results of drained and undrained tests show that the level of
compaction energy and associated initial PSD have a significant influence on the
stress-strain behaviour of compacted coalwash. For drained shearing, the mean
effective stress at which a specimen dilates decreases with an increase in the RC
level. Volumetric strain was largely influenced by the level of relative
compaction, such that more compression occurred in the specimen compacted at
lower RC levels. This volumetric strain behaviour was attributed to degradation
of the CW particles. A larger axial strain was needed to attain the critical state
condition for RC90 and RC95 specimens. With undrained shearing, the peak
deviator stress increases as the RC level increases, followed by strain softening
and then stable stress at around 18% axial strain. The excess pore water pressure
decreased as the level of relative compaction decreased.
2. A unique critical state relationship between 𝑝′ and 𝑞 was defined for the
different RC levels in drained and undrained conditions. The 𝑝′ and 𝑞
relationship is linear, with a critical stress ratio (Mcs) of 1.41 and critical state
friction angle (cs) of 34.8o.
3. For drained shearing, a family of CSLs could be defined for different RC levels
in the 𝑒 − ln 𝑝′ space, with a progressive shift towards the lower void ratios (i.e.
broader particle grading for higher RC levels). This shows that from a practical
point of view, due caution must be exercised in the field when determining the
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long term stability of coalwash, particularly with common end-product
specifications, where quality control is mainly based on the dry unit weight.
4. The CSL of coalwash under undrained shearing conditions was linear with two
transition points on the 𝑒 − ln 𝑝′ space, on which three regions were
distinguished by a marked change in the slope. The most notable change in the
undrained CSL slope was for an effective stress of 127kPa, defined as the
critical breakage stress. Particle breakage was exacerbated once it reached the
critical breakage stress value, and therefore, this critical breakage stress level
should be determined for any similar washery discard to avoid excessive particle
breakage and associated deformation during service.
5. The ratio between total breakage and compaction induced breakage under
undrained shearing remained approximately constant in the low mean effective
stress range (𝑝′ < 50𝑘𝑃𝑎), but it differed considerably for larger mean effective
stresses due to shearing induced breakage. However, coalwash under drained
shearing showed a linear relationship with an increase in the mean effective
stress.
6. The mechanical response of coalwash is influenced by particle breakage that
differs as the stress ratio changes in the compression plane. The results showed
that as the stress ratio increased, the critical breakage stress decreased. The slope
of compression varied considerably between different stress regions, largely due
to particle breakage and subsequent particle rearrangement.
7. The yielding behaviour of coalwash could be described reasonably well with an
expanding anisotropic yield surface model with increasing RC levels, however,
there were some discrepancies with the experimental results at large p' values for
RC = 100%, which could be attributed to particle breakage.
121

CHAPTER FIVE

5 DEVELOPMENT OF A CONSTITUTIVE MODEL FOR COALWASH
INCORPORATING ANISOTROPY AND BREAKAGE

5.1

INTRODUCTION

In the previous chapter the behaviour of compacted coalwash (CW) under drained and
undrained triaxial conditions was discussed, but its utilisation as engineering fill is
implausible without developing constitutive relationships to describe its stress-strain
behaviour under expected field loading conditions; this chapter therefore, describes the
development of a constitutive model to describe the behaviour of CW under various RC
levels. The critical state (CS) condition for CW under various RC levels was achieved
for large axial strains, which enabled the concept of CS to be considered in a
constitutive model, as well as defining a set of empirical expressions to capture its
overall triaxial drained and undrained behaviour under a CS framework. It is
worthwhile stating that the elasto-plastic framework of the proposed model was inspired
from previous studies by Imam et al. (2005) and Taiebat and Dafalias (2008). Two
additional features, particle breakage and the level of relative compaction were also
incorporated into the current model, so it can now be applied to three different RC
levels, i.e., 90, 95 and 100%. The critical state was modelled as a planar surface
incorporating a third dimension to represent particle breakage (e.g.Wood and Maeda ,
2008). In the current model, the state of the specimen (in terms of pressure and void
ratio) is considered in the flow rule and plastic flow through the state parameters (χ),
using the relationship given by Been and Jefferies (1985). The main feature of this
model is that an explicit set of 15 soil parameters can describe the stress-strain
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behaviour of CW under drained and undrained shearing conditions, as well as different
RC levels for a range of confining pressures.

The laboratory results for CW presented in Chapter 4 showed that different levels of
compaction imparted inherent anisotropy to the compacted CW specimens, and this
level of compaction energy exerted a strong influence on the size and shape of the yield
surface. The current model includes a capped yield surface that is a function of
compaction effort, stress ratio, confining pressure and anisotropy. The restrictions posed
by the mathematical relationship of yield surface defined in Chapter 4 cannot easily be
extended to the three-dimensional stress space. Therefore a novel approach is proposed
based on the shadow projection method to model the yield surface in a generalised
three-dimensional stress space with two parameters. To estimate the plastic strain
induced by shearing, an empirical relationship between the amount of work done and
particle breakage due to shearing was proposed. Finally, the current model was
implemented into ABAQUS for general loading and boundary conditions and was
validated using the laboratory results of two plane strain footing prototypes (this
numerical implementation is discussed in Chapter 6).

5.2

STRESS AND STRAIN PARAMETERS

In order to develop an anisotropic constitutive stress-strain relation incorporating
particle breakage model of CW in a generalised stress space, a three dimensional
Cartesian coordinate system (𝑥𝑗 , 𝑗 = 1, 2, 3) was used to represent the stress and strains
in the CW (Figure 5.1).
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Firstly, it is necessary to define certain quantities related to the stress tensor 𝜎𝑖𝑗′ , so 𝜎𝑖𝑗′
can be decomposed into a deviator stress tensor 𝑠𝑖𝑗 and the mean effective stress tensor
𝑝′ is as follows:
𝜎𝑖𝑗′ = 𝑠𝑖𝑗 + 𝑝′ 𝛿𝑖𝑗

(5.1)

where 𝛿𝑖𝑗 is the Kronecker delta (i.e., 𝛿𝑖𝑗 = 1 if 𝑖 = 𝑗 and 𝛿𝑖𝑗 = 0 if 𝑖 ≠ 𝑗). The usual
summation convention over repeated indices was adopted in these notations.

Figure 5.1 Three-dimensional stresses and index notations

For a three-dimensional CW element under various stresses (Figure 5.1), the following
invariants of stress and strain and additional stress variables were used to formulate a
relationship between the stress, strain, anisotropy, and particle breakage:
′
′
′
𝜎11
+ 𝜎22
+ 𝜎33
𝑝 =
3
′

3
𝑞 = 𝑠𝑖𝑗 : 𝑠𝑖𝑗
2

1
2
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(5.2)

(5.3)

3
=
𝜎 ′ − 𝑝′
2 11

2

′
+ 𝜎22
− 𝑝′

2

′
+ 𝜎33
− 𝑝′

3
𝛼 = 𝛼𝑖𝑗 : 𝛼𝑖𝑗
2

2

2
2
2
+ 2 𝜎12
+ 𝜎23
+ 𝜎31

1
2

1
2

(5.4)

where 𝑝′ is the mean effective stress (invariant), 𝑞 is the deviator stress (invariant), 𝛼 is
the back stress ratio, 𝜎𝑖𝑗′ is the effective stress tensor (𝑖 & 𝑗 = 1, 2, 3), and 𝑠𝑖𝑗 is the
stress deviator tensor.

The complementary strain invariants are the deviator strain 𝜀𝑠 and volumetric strain 𝜀𝑣 ,
respectively, as defined below:
2
𝜀𝑠 = 𝑒𝑖𝑗 : 𝑒𝑖𝑗
3
2
=
𝜀 − 𝜀22
9 11

2

+ 𝜀22 − 𝜀33

2

1
2

+ 𝜀33 − 𝜀11

4 2
2
2
2
+ 𝜀12
+ 𝜀23
+ 𝜀31
3

𝜀𝑣 = 𝜀11 + 𝜀22 + 𝜀33

1
2

(5.5)

(5.6)

where 𝜀𝑖𝑗 is the strain tensor and 𝑒𝑖𝑗 is the strain deviator tensor defined as:
1
𝑒𝑖𝑗 = 𝜀𝑖𝑗 − 𝜀𝑣 𝛿𝑖𝑗
3

5.3

(5.7)

YIELD SURFACE IN GENERALISED STRESS SPACE

The yield surface function described to simulate the triaxial test results on compacted
coalwash has only three stress variables, the mean effective stress p', the stress deviator
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tensor 𝑠𝑖𝑗 , and the back-stress ratio 𝛼𝑖𝑗 ; their meanings were explained earlier in Chapter
4. The back-stress ratio𝛼𝑖𝑗 is the rotational hardening variable of the yield surface and
represents the slope in p'-q space of the bisector of the yield surface. The shape of the
yield surface in generalised stress space is shown with details of the defined variables in
Figure 5.2.

Figure 5.2 Graphical representation of the yield surface in three dimensional stress
space

The analytical function of the anisotropic yield surface that satisfies the yield
characteristics of CW is shown in Eq. (5.8). For three-dimensional stress space, the
three stress variables must be generalised, and an additional stress variable must be
introduced.
3
𝑝′
′
′
2 ′2
𝑓 = 𝑠𝑖𝑗 − 𝛼𝑖𝑗 𝑝 : (𝑠𝑖𝑗 − 𝛼𝑖𝑗 𝑝 ) − 𝑀𝛼 𝑝 1 − ′
2
𝑝𝑦

1/2

(5.8)
=0

where 𝑠𝑖𝑗 represents the shear stress components, 𝛼𝑖𝑗 represents the back-stress ratio
component, and 𝑝𝑦′ represents the isotropic hardening variable (along the pseudo
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hydrostatic axis, i.e., the value of 𝑝′ at 𝜂 = 𝛼). The value of 𝑀𝛼 depends on the position
of the current stress state with respect to the back-stress ratio (𝛼).

𝑀𝛼 =

(5.9)

𝑘𝑦 𝑀 − 𝛼 𝑀 − 𝛼

where 𝑀 = 𝑀𝑐 , if 𝜂 => 𝛼,𝑀 = 𝑀𝑒 , if 𝜂 < 𝛼, 𝑘𝑦 =shape factor
𝑀𝑐 =

6 sin 𝜙𝑐𝑠
3 − sin 𝜙𝑐𝑠

&

𝑀𝑒 =

6 sin 𝜙𝑐𝑠
3 + sin 𝜙𝑐𝑠

(5.10)

The value of 𝑀𝛼 in the 2D plane cannot be simply translated to generalised 3D stress
space because its conditional formula does not comply with any other value of lode
angle. To describe this parameter, a novel technique was adopted here from the shadow
projection method commonly used in computer graphics.
5.3.1

Shadow projection method

The Shadow projection method plays an important role in the practical application of
realistic computer graphics because it creates a shadow of an object onto a planar
surface (Liu and Pang, 2010). The basic idea for using shadow projection is to project
the shape of the yield surface parameter, M in the 𝜋-plane directly onto the shadow
receiver plane. Under a homogenous condition, the point light source vector is 𝐿 =
𝑇

𝐿𝑥 , 𝐿𝑦 , 𝐿𝑧 , 𝐿𝑤 where 𝐿𝑤 = 1 for a positional light source and 𝐿𝑤 = 0 for a directional
light source. Let us suppose the vertex of the yield surface parameter, M in the π -plane
is given by 𝑠 = 𝑠𝑥 , 𝑠𝑦 , 𝑠𝑧 , 1

𝑇

and the shadows plane 𝑃, is given by 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 +

𝑑 = 0; then the projection matrix 𝑀𝑝 for the point light source can be expressed as:
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𝑀𝑝 =

𝑘𝑠𝑝 − 𝐿𝑥 𝑎
−𝐿𝑦 𝑎
−𝐿𝑧 𝑎
−𝑎

−𝐿𝑥 𝑏
𝑘𝑠𝑝 − 𝐿𝑦 𝑏
−𝐿𝑧 𝑏
−𝑏

−𝐿𝑥 𝑐 −𝐿𝑥 𝑑
−𝐿𝑦 𝑐 −𝐿𝑦 𝑑
𝑘𝑠𝑝 − 𝐿𝑧 𝑐 −𝐿𝑧 𝑑
−𝑐
𝑘𝑠𝑝 − 𝑑

(5.11)

where 𝑘𝑠𝑝 = 𝑃. 𝐿 is the dot product of P and L.

To map the value of 𝑀𝛼 with respect to the position of the back stress tensor, the value
of the vertex of the object is multiplied with the projection matrix 𝑀𝑝 and that should
cast shadows onto the plane P. As Figure 5.3 shows, the M value for the isotropic yield
surface parameter will cast a hardshadow of the anisotropic yield surface parameter 𝑀𝛼
onto the plane P.

Figure 5.3 Illustration of shadow projection method
The vertex of the yield surface parameter M is positioned at 𝑧 = 0, and the position of
the light source is stationed at a distance 𝑧 = −𝑙𝑎 from the object frame, and the vector
of the point light source 𝐿 can be presented in an XYZ space.
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𝐿 = 𝐿𝑥 , 𝐿𝑦 , 𝐿𝑧 , 𝐿𝑤

𝑇

= 𝑙𝑎 α cos 𝜃𝛼 , 𝑙𝑎 α sin 𝜃𝛼 , − 𝑙𝑎 ,

1

𝑇

(5.12)

3

where 𝛼 = 2 𝛼𝑖𝑗 : 𝛼𝑖𝑗 is the back-stress ratio, 𝜃𝛼 is the orientation of the stress state on
the 𝜋-plane about the pseudo-hydrostatic axis. The value of 𝜃𝛼 can be estimated using
the following relationships. The illustrations of the stress variables in the principal stress
space are shown in Figure 5.4.
1
27 det 𝑠𝑖𝑗
𝜃𝛼 = sin−1
3
2 𝑞3

(5.13)

𝑠𝑖𝑗 = 𝑠𝑖𝑗 − 𝛼𝑖𝑗 𝑝′

(5.14)

3
𝑞 = 𝑠𝑖𝑗 𝑠𝑖𝑗
2

(5.15)

The shadow projection plane P is placed normal to the z-axis at a distance of −𝑙𝑏 from
the source plane, and the vector of the shadow projection plane can be represented as
shown below:

𝑃 = 𝑎, 𝑏, 𝑐, 𝑑

𝑇

= 0,0,1, −𝑙𝑏

𝑇

(5.16)

Since the scope of the present research work is limited to triaxial compression and
extension stress conditions, an assumption for the value of M for various stress
condition similar to the behaviour of other granular material in the 𝜋–plane considered.
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Figure 5.4 Geometrical meaning of the stress variables in the principal stress space,
where
𝜋-plane;

3
2

𝑠: 𝑠 is the distance from the current stress to the centre of the current
3
2

𝛼: 𝛼 𝑝′ is the distance from the current back stress to the centre of

the current 𝜋-plane; 𝜃 defines the orientation of stress state on the 𝜋-plane (lode
angle); and 𝜃𝛼 defines the orientation of stress state on the 𝜋-plane about the
pseudo-hydrostatic axis.

From numerous past studies (e.g., Abelev et al., 2007; Liu and Indraratna, 2010; and
Zhao and Evans, 2011), it can be seen that the shape of the yield surface of granular
material on the 𝜋-plane generally meets the Mohr-Coulomb criterion in the compression
and extension planes. For critical state models, a convenient way to reflect the shape of
the yield surface on the 𝜋-plane is to relate the parameter M in the yield surface
expression with the lode angle 𝜃. Zhao et al.(2005) proposed an equation relating the
two quantities.

𝑀 𝜃 = 𝑀𝑐

2𝑙𝑚 4
1 + 𝑙𝑚 4 + 1 − 𝑙𝑚 4 sin 3𝜃
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1
4

(5.17)

𝑙𝑚 =

3 − sin 𝜙𝑐𝑠
3 + sin 𝜙𝑐𝑠

(5.18)

where Mc is the critical state stress ratio in the compression plane, 𝑙𝑚 is the parameter
controlling the roundness of the yield surface in the 𝜋-plane which complies with the
convex yield surface, provided that 𝑙𝑚 > 0.6.

By setting the parameters 𝑙𝑚 = 0, this yield surface coincides with the vertices of MohrCoulomb hexagon in the deviator plane, while setting 𝑙𝑚 = 1 it recovers the DruckerPrager failure circle. For a critical state friction angle of 34.8o, the value of 𝑀 𝜃 is
plotted as a dotted line in Figure 5.5. To determine the value of 𝑀𝛼 as the shadow cast
on the projection plane P, the value of the parameter la = 1.905 and lb =1.135 for RC100
material are used, which closely matches the predicted value of 𝑀𝛼 using the Eq. (5.9).

Figure 5.5 The projected anisotropic yield surface parameter (𝑀𝛼 ) on the plane P with
respect to the isotropic yield surface parameter (M).

131

A three-dimensional representation of an anisotropic yield surface for the compacted
CW and the isotropic yield surface (adopting Zhao et al., 2005) in the 𝜋-plane are
shown in Figure 5.6. To illustrate the yield surface for different levels of compaction
energy, a three-dimensional representation of the yield surface for compacted CW for
relative compaction levels corresponding to 90%, 95% and 100% are depicted in Figure
5.7. Details of the position of the hydrostatic axis, pseudo-hydrostatic axis, and critical
state line along the triaxial compression space are also represented.

Figure 5.6 Three dimensional illustration of anisotropic yield surface of compacted
coalwash
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Figure 5.7 Three-dimensional anisotropic yield surface with increasing compaction
energy.
5.4

CRITICAL STATE

From the laboratory testing conducted on CW (Chapter 4), it was observed that the
critical state stress ratio for CW in the q-p' plane for both drained and undrained
condition was 1.41 (Figure 4.14), which is independent of the level of relative
compaction. In contrast, the critical state of the drained and undrained shearing
condition is not unique in the e - ln p' space (Figure 4.15). As expected, the
experimental results showed that the gradation of coalwash and the level of compaction
energy influenced the critical state conditions that were attained. For drained conditions,
the position of the critical state line in the e - ln p' space shifted towards the lower void
ratio range for larger RC levels, i.e. for those specimens having higher compaction
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induced large breakage (Figure 4.15). It was shown that a tri-linear CSL with three
stress ranges were identified for undrained conditions, and their transitions were aligned
with the incidence of breakage observed predominately during shearing. The critical
state for CW can be illustrated better if an additional dimension incorporating particle
breakage is considered. Thus, the critical state line in the compression plane (e - ln p')
becomes a critical state surface where a third dimension representing breakage is added.
The total breakage (Bt) was used to describe breakage in the critical state surface
because it accounts for breakage incurred during compaction and shearing.

The critical state surface for CW material in the 𝑒 − 𝑙𝑛 𝑝′ − 𝐵𝑡 space, together with the
experimental results, are shown in Figure 5.8. In drained and undrained condition, the
critical states define a planar surface despite showing distinct lines in the compression
plane (void ratio, mean effective stress). The undrained CSL with a three-linear segment
shown in Figure 4.15 is the result of a path across the e – ln p’ – Bt surface, whereas the
three CSLs representing different drained RC levels correspond to the two-dimensional
projection of this 3D surface. This is consistent with the hypothesis proposed by Wood
and Maeda (2008) on the basis of DEM (discrete element method) studies of granular
assemblies.

Based on the laboratory data for drained and undrained conditions, the expression of the
critical state surface (Figure 5.8) on the e – ln p' – Bt space may be extended from the
traditional semi-logarithmic relationship to include particle breakage, as follows:

𝑒 = 𝛤 𝐵𝑡 − 𝜆 ln 𝑝′
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(5.19)

𝛤 𝐵𝑡 = 𝛤 0 − 𝜃Γ 𝐵𝑡

(5.20)

where 𝛤 0 is the value of specific void ratio at zero particle breakage, λ is the critical
state surface slope along the 𝑒 − 𝑙𝑛𝑝′ plane, and 𝜃Γ is the slope of the critical state
surface along the e –Bt plane. The values for 𝜆 and 𝜃Γ of 0.047 and 0.22, respectively,
were found to fit the experimental data reasonably well.

Figure 5.8 Critical state surface of compacted coalwash in 𝑒 − 𝑙𝑛 𝑝′ − 𝐵𝑡 space. (after
Heitor et al. 2015)

A comparison of experimental void ratio against the estimated void ratio based on the
mean effective stress and particle breakage at the critical state is shown in Figure 5.9. A
reasonable fit of this relationship is observed with R2> 0.93.
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Figure 5.9 Comparison between estimated void ratio using critical state relations and
experimental void ratio
5.5
5.5.1

ELASTO-PLASTIC CONSTITUTIVE RELATION
Determination of the continuum elasto-plastic tangent modulus

The increment relationship between stresses and strains were determined through the
derivation of continuum elasto-plastic tangent modulus. All the derivations, stresses,
and strains should be given in matrix form in order to implement the CW model into a
UMAT subroutine. In the model it was assumed that elastic strain occurs when the
stress state lies within the yield surface while plastic straining occurs for the stress states
on the yield surface. For the case of finite strain decomposition, the incremental strain
(𝜀𝑖𝑗 ) is decomposed into elastic strain (𝜀𝑖𝑗𝑒 ), plastic strain due to compression and
shearing (𝜀𝑖𝑗𝑝 ), and plastic strain due to breakage (𝜀𝑖𝑗𝑏 ), as follows:
𝑑𝜀𝑖𝑗𝑒 = 𝑑𝜀𝑖𝑗 − 𝑑𝜀𝑖𝑗𝑝 − 𝑑𝜀𝑖𝑗𝑏
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(5.21)

The incremental elastic strain was calculated using Hooke’s law and the incremental
plastic strain due to shearing is governed by the flow rule (Hill, 1950) using Eqs. (5.22)
to (5.24):
−1
𝑑𝜀𝑖𝑗𝑒 = 𝐷𝑖𝑗𝑘𝑙
𝑑𝜎𝑘𝑙

𝑑𝜀𝑖𝑗𝑝 = Δ𝛾

(5.22)

𝜕𝑔
= Δ𝛾 𝑀𝑖𝑗
𝜕𝜎𝑖𝑗′

𝑑𝜀𝑣𝑝 = 𝑑𝜀𝑖𝑖𝑝 = Δ𝛾

𝜕𝑔
𝜕𝑝′

(5.23)

(5.24)

where 𝐷𝑖𝑗𝑘𝑙 is the elastic stiffness matrix, Δ𝛾 is a scalar multiplier (or plastic multiplier)
and g is the plastic potential, hence,

𝑝

𝑒
𝑏
𝑑𝜎𝑖𝑗′ = 𝐷𝑖𝑗𝑘𝑙
(𝑑𝜀𝑘𝑙 − 𝑑𝜀𝑘𝑙
− 𝑑𝜀𝑘𝑙 )

(5.25)

𝑝
𝑒
𝑒
𝑏
𝑑𝜎𝑖𝑗′ = 𝐷𝑖𝑗𝑘𝑙
(𝑑𝜀𝑘𝑙 − 𝑑𝜀𝑘𝑙
) − 𝐷𝑖𝑗𝑘𝑙
𝑑𝜀𝑘𝑙

(5.26)

𝑒
𝑒
𝑏
𝑑𝜎𝑖𝑗′ = 𝐷𝑖𝑗𝑘𝑙
(𝑑𝜀𝑘𝑙 − 𝑑𝜀𝑘𝑙
) − 𝐷𝑖𝑗𝑘𝑙
Δ𝛾 𝑀𝑘𝑙

(5.27)

The derivative of the yield function Eq. (5.8) is obtained by applying the chain rule, as
shown in Eq. (5.28):
𝜕𝑓
𝜕𝑓 𝜕𝑝𝑦′
𝜕𝑓
𝑝
′
𝑑𝑓 =
𝑑𝜎
+
𝑑𝜀
+
𝑑𝛼𝑖𝑗 = 0
𝑣
𝑖𝑗
𝑝
𝜕𝜎𝑖𝑗′
𝜕𝑝𝑦′ 𝜕𝜀𝑣
𝜕𝛼𝑖𝑗

(5.28)

For the evolution of the anisotropy variable 𝛼𝑖𝑗 , the equation proposed by Dafalias
(1986) was adopted, as shown in Eq. (5.29):

𝑑𝛼𝑖𝑗 = 𝛥𝛾 𝛼𝑖𝑗
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(5.29)

where Δ𝛾 is defined as the plastic multiplier.

The change in yield surface 𝑓 with respect to stress can be decomposed into volumetric
and deviator components:
𝜕𝑓
𝜕𝑓 𝛿𝑖𝑗
𝜕𝑓
+
′ = 𝑁𝑖𝑗 =
′
𝜕𝜎𝑖𝑗
𝜕𝑝 3 𝜕𝑠𝑖𝑗

(5.30)

The partial derivatives of yield surface function are given in Eqs. (5.31) to (5.34):

𝜕𝑓
𝑝′
′
2 ′
= −3𝛼𝑖𝑗 : 𝑠𝑖𝑗 − 𝛼𝑖𝑗 𝑝 − 𝑀𝛼 𝑝 2 + 2.5 ′
𝜕𝑝′
𝑝𝑦

0.5

(5.31)

𝜕𝑓
= 3 𝑠𝑖𝑗 − 𝛼𝑖𝑗 𝑝′
𝜕𝑠𝑖𝑗

(5.32)

𝜕𝑓
= − 3𝑝 𝑠𝑖𝑗 − 𝛼𝑖𝑗 𝑝′
𝜕𝛼𝑖𝑗

(5.33)

𝜕𝑓
𝑝′
2 ′
=
−
0.5
𝑀
𝑝
𝛼
𝜕𝑝𝑦′
𝑝𝑦′

1.5

(5.34)

By substituting Eqs. (5.23), (5.27) and (5.29) into (5.28) the following relationship can
be obtained:

𝑑𝑓 =

𝑒
𝑁𝑖𝑗 𝐷𝑖𝑗𝑘𝑙

(𝑑𝜀𝑘𝑙 −

𝑏
𝑑𝜀𝑘𝑙

𝜕𝑓 𝜕𝑝𝑦′
𝜕𝑔
𝜕𝑓
− Δ𝛾 𝑀𝑘𝑙 ) + ′
+
Δ𝛾 𝛼𝑖𝑗
𝑝 Δ𝛾
𝜕𝑝𝑦 𝜕𝜀𝑣
𝜕𝑝′ 𝜕𝛼𝑖𝑗

=0

Rearranging Eq. (5.35), the plastic multiplier Δ𝛾 can be defined as follows:
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(5.35)

Δ𝛾 =
𝑒
𝑁𝑖𝑗𝑇 𝐷𝑖𝑗𝑘𝑙

𝑒
𝑏
𝑁𝑖𝑗𝑇 𝐷𝑖𝑗𝑘𝑙
(𝑑𝜀𝑘𝑙 − 𝑑𝜀𝑘𝑙
)
𝜕𝑓 𝜕𝑝𝑦′ 𝜕𝑔
𝜕𝑓
𝑀𝑘𝑙 − ′
−
𝛼
𝜕𝑝𝑦 𝜕𝜀𝑣𝑝 𝜕𝑝′ 𝜕𝛼𝑖𝑗 𝑖𝑗

(5.36)

By substituting Eq. (5.36) in Eq. (5.27), the following incremental relationship can be
obtained:

𝑒
𝑏
𝑑𝜎𝑖𝑗′ = 𝐷𝑖𝑗𝑘𝑙
𝑑𝜀𝑘𝑙 − 𝑑𝜀𝑘𝑙
−

𝑒
𝑇
𝑒
𝑏
𝐷𝑖𝑗𝑘𝑙
𝑀𝑘𝑙 𝑁𝑚𝑛
𝐷𝑚𝑛𝑟𝑠
(𝑑𝜀𝑟𝑠 − 𝑑𝜀𝑟𝑠
)
′
𝜕𝑓 𝜕𝑝𝑦 𝜕𝑔
𝜕𝑓
𝑒
𝑁𝑖𝑗𝑇 𝐷𝑖𝑗𝑘𝑙
𝑀𝑘𝑙 − ′
−
𝛼
𝑝
′
𝜕𝑝𝑦 𝜕𝜀𝑣 𝜕𝑝
𝜕𝛼𝑖𝑗 𝑖𝑗

(5.37)

Eq. (5.37) may be further expressed as follows:

(5.38)
𝑑𝜎𝑖𝑗′ =

𝑒
𝐷𝑖𝑗𝑘𝑙
−

𝑒
𝐷𝑖𝑗𝑘𝑙

𝑇
𝑒
𝑀𝑘𝑙 𝑁𝑚𝑛
𝐷𝑚𝑛𝑟𝑠
𝜕𝑓 𝜕𝑝𝑦′ 𝜕𝑔
𝑒
𝑁𝑖𝑗𝑇 𝐷𝑖𝑗𝑘𝑙
𝑀𝑘𝑙 − ′
−
𝜕𝑝𝑦 𝜕𝜀𝑣𝑝 𝜕𝑝′

𝜕𝑓
𝛼
𝜕𝛼𝑖𝑗 𝑖𝑗

𝑒𝑝
𝑏
𝑑𝜎𝑖𝑗′ = 𝐷𝑖𝑗𝑘𝑙
(𝑑𝜀𝑘𝑙 − 𝑑𝜀𝑘𝑙
)

𝑒𝑝
𝐷𝑖𝑗𝑘𝑙

=

𝑒
𝐷𝑖𝑗𝑘𝑙

−

𝑒
𝑇
𝑒
𝐷𝑖𝑗𝑘𝑙
𝑀𝑘𝑙 𝑁𝑚𝑛
𝐷𝑚𝑛𝑟𝑠

𝑏
(𝑑𝜀𝑘𝑙 − 𝑑𝜀𝑘𝑙
)

(5.39)

(5.40)

𝑒
𝑁𝑖𝑗𝑇 𝐷𝑖𝑗𝑘𝑙
𝑀𝑘𝑙 + 𝐻

𝑒𝑝
where expressions for assembling the 𝐷𝑖𝑗𝑘𝑙
is the continuum elasto-plastic tangent

stiffness (continuum Jacobian) matrix (Mroz and Zienkiewicz, 1984) and H is the
hardening modulus. For axisymmetric and plane strain conditions, the elastic stiffness
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𝑒
matrix (𝐷𝑖𝑗𝑘𝑙
) and the incremental stress and strain tensors for axisymmetric and plane

strain analysis are given by Eqs. (5.41) to (5.43):

𝑒
𝐷𝑖𝑗𝑘𝑙

𝐾 + 4𝐺/3 𝐾 − 2𝐺/3
𝐾 − 2𝐺/3 𝐾 + 4𝐺/3
=
𝐾 − 2𝐺/3 𝐾 − 2𝐺/3
0
0

′
𝜕𝜎 ′ = 𝜕𝜎11

′
𝜕𝜎22

𝜕𝜀 = 𝜕𝜀11

𝜕𝜀22

𝐾 − 2𝐺/3
𝐾 − 2𝐺/3
𝐾 + 4𝐺/3
0

′
𝜕𝜎33

𝜕𝜀33

0
0
0
2𝐺

′
𝜕𝜎12

𝜕𝜀12

(5.41)

(5.42)

(5.43)

where G is the shear modulus, and K is the elastic bulk modulus.

5.5.2

Elastic strain

The commonly used isotropic elastic rule for granular material (Bardet, 1986; Crouch et
al., 1994; Yu, 1998; Russell and Khalili, 2004 ) is considered here, and expression for
the elastic bulk modulus K is then obtained:
1 + 𝑒 𝑝′
𝐾=
𝜅

(5.44)

where κ is the slope of the elastic unload−reload line in the e –ln p′ space and is also
referred as the κ line; e is the current void ratio, and p' is the current mean effective
stress.

The elastic shear modulus G, for the isotropic material becomes:

𝐺=

3 1 − 2𝜇 𝐾
2(1 + 𝜇)
140

(5.45)

where 𝜇 is the assumed constant.
To avoid unrealistically small bulk and shear modulus values at low p′ values, a lower
bound value for p′ of 25kPa is considered.
5.5.3

Dilatancy relationship

A non-associated flow rule that ensures zero plastic volumetric strains at the critical
state was considered, thus the vectors of plastic flow and loading direction do not
coincide with each other. Li and Dafalias, 2000 and Russell and Khalili, 2004 indicated
that in elasto-plasticity, there is no need to define an equation for plastic potential
surfaces, but definition of the stress-dilatancy relationship allows the behaviour of a soil
to be described. The stress-dilation relationship that incorporates the void ratio of a
granular material (Li and Dafalias, 2000) was adopted in the proposed model, as shown
in Eq. (5.46).
𝑑𝜀𝑣𝑝
1 3
𝑑𝑔 = 𝑝 = 𝐴𝑔 𝑀 𝜃 exp 𝑘𝑔 𝜒 − ′ 𝑠𝑖𝑗 : 𝑠𝑖𝑗
𝑝 2
𝑑𝜀𝑞

1
2

(5.46)

where χ is the state parameter (Been and Jefferies, 1985) that can be used to describe
the void ratio and stress dependency of the material. Two parameters, 𝐴𝑔 and 𝑘𝑔 are
material parameters describing the plastic potential.

The state parameter is the vertical distance between the current void ratio 𝑒 and the
void ratio (𝑒𝑐𝑠 ) on the critical state surface (CSS), and it is expressed as follows:

𝜒 = 𝑒 − 𝑒𝑐𝑠
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(5.47)

For the condition of 𝜒 > 0 (i.e. the initial state of the specimen is above the CSS), the
behaviour of granular material is compressive in volumetric strain and shows associated
hardening. Whilst for the condition of 𝜒 < 0 , the specimen is expected to dilate and
peak deviator stress followed by strain softening would occur, but once the specimen
reaches a critical state condition, the state parameter (𝜒) becomes zero.

The plastic potential can be decomposed into volumetric and deviator components:
𝜕𝑔
𝜕𝑔 𝛿𝑖𝑗
𝜕𝑔
= ′
+
′
𝜕𝜎
𝜕𝑝 3 𝜕𝑠𝑖𝑗
𝜕𝑔
1 3
= 𝑑𝑔 = 𝐴𝑔 𝑀 𝜃 exp 𝑘𝑔 𝜒 − ′ 𝑠𝑖𝑗 : 𝑠𝑖𝑗
′
𝜕𝑝
𝑝 2
3𝑠𝑖𝑗
𝜕𝑔
= −𝐴𝑔
𝜕𝑠𝑖𝑗
2𝑞

5.5.4

(5.48)

1
2

(5.49)

(5.50)

Hardening laws

The hardening modulus is split into two components based on the isotropic hardening of
the internal variable 𝑝𝑦′ and the evolution of kinematic hardening rule for the internal
variable 𝛼. The expression of the hardening modulus from Eq. (5.38) is given below:

𝐻 = 𝐻1 + 𝐻2 = −

𝜕𝑓 𝜕𝑝𝑦′ 𝜕𝑔
𝜕𝑓
−
𝛼
𝑝
′
′
𝜕𝑝𝑦 𝜕𝜀𝑣 𝜕𝑝
𝜕𝛼𝑖𝑗 𝑖𝑗

(5.51)

Isotropic hardening of the internal variable 𝑝𝑦′ which is based on the classical law of
evolution of critical state soil mechanics is shown below:
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𝐻1 = −

𝜕𝑝𝑦′
𝜕𝜀𝑣𝑝

=

𝜕𝑓 𝜕𝑝𝑦′
𝑑
𝜕𝑝𝑦′ 𝜕𝜀𝑣𝑝 𝑔

(5.52)

(1 + 𝑒) ′
𝑝
𝜆−𝜅 𝑦

(5.53)

For the evolution of the kinematic hardening rule for the internal variable 𝛼, the
expression proposed by Dafalias (1986) was used in this model, as shown below:

𝛼𝑖𝑗 =

1 + 𝑒 𝜕𝑔 𝐶𝛼
𝑠 − 𝑋𝛼 𝛼𝑖𝑗 𝑝′
𝜆 − 𝜅 𝜕𝑝′ 𝑝𝑦′ 𝑖𝑗

(5.54)

where the constant 𝐶𝛼 controls the evolution of anisotropy in the model and the constant
𝑋𝛼 controls the degree of anisotropy that can develop under constant stress ratio (𝜂)
loading, indeed the value of 𝑑𝛼𝑖𝑗 = 0 if 𝑠𝑖𝑗 = 𝑋𝛼 𝛼𝑖𝑗 𝑝′ .
5.6

PARTICLE BREAKAGE

To determine the plastic strain due to particle breakage, the breakage results (see
Figures 4.11) of drained and undrained shearing can be related to the amount of work
done (Figure 5.10). It is clear that a distinct pattern occurred for drained and undrained
conditions because for drained shearing, a linear relationship between the total work
done and particle breakage was observed, whereas a hyperbolic relationship was
observed for undrained shearing. Similar observations were reported for other granular
materials (e.g. Hu et al., 2011).

A general model for expressing particle breakage due to compression and shearing for
drained and undrained shearing conditions can be defined as follows:
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𝑛𝑐

(5.55)

𝐵𝑠 = 𝜓𝑏 𝑊𝑡

where 𝑊𝑡 is the total work done, 𝐵𝑠 is particle breakage due to shearing, 𝜓𝑏 is constants
obtained from experiment results based on test condition (i.e., 𝜓𝑏 = 0.00095 for
drained shearing, and 𝜓𝑏 = 0.000045 for undrained shearing), and 𝑛𝑐 is the parameter
about test condition (the value of 𝑛𝑐 = 1 is taken for drained shearing and 𝑛𝑐 = 2 is
taken for undrained shearing).

Figure 5.10 Relationship between total work done and particle breakage for drained and
undrained shearing

Differentiating the Eq. (5.55) the incremental particle breakage due to an infinitely
small amount of work done can be found as:
𝑑𝐵𝑠 = 𝜓𝑏 𝑛𝑐 𝑊𝑡

𝑛 𝑐 −1
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𝑑𝑊𝑡

(5.56)

The plastic volumetric strain 𝑑𝜀𝑣𝑏 caused by particle breakage can be estimated by
differentiating Eq. (5.20), and then normalising it with the specific volume of the
element.
𝑑𝜀𝑣𝑏 =

𝜃Γ 𝑑𝐵𝑡 𝜃Γ 𝑑𝐵𝑠 𝜃Γ 𝜓𝑏
𝑛 −1
=
=
𝑛𝑐 𝑊𝑡 𝑐 𝑑𝑊𝑡
1+𝑒
1+𝑒 1+𝑒

(5.57)

To estimate the breakage strain in a general stress direction, an increment in breakage
plastic strain is assumed to be proportional to the amount of work done component, so
the following relationships were considered in this model.

𝑑𝜀𝑖𝑗𝑏 =

𝜎𝑖𝑗 d𝜀𝑖𝑗
𝜃Γ ψ𝑏
𝑛 −1
𝑛𝑐 𝑊𝑡 𝑐 𝑑𝑊𝑡
1+𝑒
𝜎𝑖𝑗 d𝜀𝑖𝑗 : 𝟏

(5.58)

where 1 is the second order unit tensor.

5.7

SUMMARY

A new constitutive model based on elasto-plasticity and critical state framework was
proposed for incorporating anisotropy and particle breakage in order to describe the
stress-strain behaviour of CW. A novel approach to describe the control parameters of
an anisotropic yield surface in generalised stress space was proposed based on the
shadow projection method. A critical state surface was proposed in e – ln p' – Bt space
based on the shearing and breakage results that define a unique relationship for the
critical state void ratio under drained and undrained shearing compared to the current
mean effective stress and total particle breakage value. The size and shape hardening for
the yield surface were considered in this model. An empirical relationship between the
total work done and total particle breakage was established to compute plastic strain due
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to particle breakage. A non-associate plastic flow rule was adopted. The constitutive
model requires 15 parameters to be evaluated from monotonic drained and undrained
tests. The calibration and validation of the constitutive model are presented in
Chapter 6.
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CHAPTER SIX

6 NUMERICAL MODELLING OF COALWASH UNDER DIFFERENT
COMPACTION ENERGY LEVELS

6.1

INTRODUCTION

In Chapter 5 an analytical model for CW was developed to incorporate the effects of
relative compaction and particle breakage because in order to calculate the incremental
values of stress and strain, the governing elasto-plastic rate equations must be incorporated
into a finite element code. To integrate the model into such a numerical solution scheme, a
subroutine coded in FORTRAN must also be developed.

The main objective here is to describe the numerical implementation of CW model into a
UMAT subroutine for the finite element code, ABAQUS (Hibbitt et al., 2012). This
Chapter also covers the calibration and verification of the model using the drained and
undrained triaxial test results of CW. Finally the model was also validated under plane
strain conditions and compared then with the laboratory results of a model footing.

6.2

ALGORITHM FOR STRESS INTEGRATION

To estimate the stress increment, a numerical algorithm is needed to integrate the
constitutive equations governing material behaviour. In any numerical analysis, the
accuracy of the results depends on the choice of the integration method. A number of
numerical integration methods have already been proposed in previous research; such as
147

radial return mapping, the sub-stepping scheme method, and one step-backward Euler (e.g.
Ortiz and Simo, 1986; Sloan, 1987 and Schreyer et al., 1979). Because the radial return
mapping method is simple and accurate, it can easily be used to implement the CW
constitutive model in ABAQUS.

In a displacement-based finite element formulation, a constitutive relationship is integrated
at the element Gauss point via an integration algorithm (Simo and Taylor, 1985). The fullyimplicit backward Euler method scheme has gained in popularity because to its
unconditional stability and its quadratic convergence rate based on the Newton-Raphson
iteration method which performs an implicit numerical integration of the proposed elastoplastic model based on operator split methodology. This methodology involves two
sequences, the elastic predictor and plastic corrector, depending on whether the elastic trail
stress falls inside or outside the yield surface.

The user material subroutine UMAT, based on the implicit stress update scheme for the
proposed elasto-plastic model, was used in ABAQUS such that in each time step, the
current stress, incremental strain, and current strain were used to calculate the updated
stress and strain. In this chapter, matrix notation was used for all expressions, and the single
quote in effective stress symbols was dropped out to make the equations easy to read, and
also to provide space for a numerical integration iteration count and represent
differentiation notations.
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6.3

DEVELOPMENT OF A UMAT SUBROUTINE FOR ABAQUS

The numerical integration method described in the previous section was used to determine
the updated stresses and other state variables after convergence, and also the consistent
tangential modulus in the UMAT subroutine for ABAQUS. This method was used to
simulate the CW behaviour for different RC levels. In the UMAT subroutine, the following
steps were carried out for the calculation. The sequence of the steps is presented in Table
6.1.
1. The total strain increment (∆𝜀𝑖𝑗𝑇 ) was calculated by the FEM software (ABAQUS)
based on the global stiffness matrix, and the loading and boundary conditions
attributed to the meshed model.

2. Since the FEM program (ABAQUS) estimates the input incremental strain for
UMAT based on an in-built scheme, the breakage strain cannot be updated after a
converged step, and therefore the tentative breakage strain based on current stress
and strain increment was estimated beforehand, and the current incremental strain
was calculated by subtracting the tentative breakage strain from the input
incremental strain. After the current incremental strain converged, the actual
breakage strain for the amount of work done was estimated. The total incremental
strain was then calculated by adding the current applied increment strain and the
breakage strain. Residual strain after the current step was computed by subtracting
the input incremental strain (FEM) from the total incremental strain, which was then
checked for a tolerance value of 10-3 ∆𝜀𝑖𝑗𝑇 . If the residual strain exceeds the

149

tolerance, the next step is performed for residual strain and the process is repeated
until the tolerance is within the limit.

3. For each step, the elastic parameters (𝐾, 𝐺) were calculated based on the current
state parameters, including the void ratio and mean effective stress (𝑒, 𝑝).

4. For the elastic predictor phase, the applied incremental strain ∆𝜀𝑖𝑗 was initially
assumed to be the only elastic strain increment, so an increment of the elastic stress
predictor (𝑝𝑛+1 , 𝒔𝑛+1 ) was calculated using the elastic parameters (𝐾, 𝐺) in step 3.
5. The increment of stress should then be corrected based on the amount of current
plastic strain by following the Newton-Raphson method if the elastic trail stress
falls outside the yield surface.

6. After the current stress increment has been determined, the updated tangent stiffness
moduli are calculated and used in the FEM software to estimate the global matrix
based on the Newton-Raphson iteration method. It is vital to ensure that the tangent
stiffness modulus in the UMAT is accurate enough because it is used to update the
global stiffness matrix in ABAQUS and in calculating the new strain increment.
Moreover, the model parameters that are not calculated in ABAQUS as output
variables are stored as solution-dependant variables (known as STATV) such as, the
state parameter, the void ratio, the back stress-ratio, and particle breakage and
volumetric strain.
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7. The new increment of strain is then defined by ABAQUS using the updated global
stiffness matrix, and then the steps 1 to 6 are repeated until loading has ended (or
displacement is applied onto the geometry).

The performance of the UMAT subroutine for CW prepared at different RC levels was
verified and calibrated by comparing the numerical predictions with the experimental
results (i.e. drained and undrained triaxial compression). The model was then applied to a
plane strain loading case by comparing the numerical results with the laboratory test data.
These steps for the numerical stress update procedure are described in the following
Table 6.1:

151

Table 6.1 Stress updating procedure for the radial return mapping scheme
(1) Save strain increment and assign strain increment for breakage iteration
()

∆𝜀𝑖𝑗𝑇 = ∆𝜀𝑖𝑗 , ∆𝜀𝑖𝑗𝑐𝑢𝑟 = ∆𝜀𝑖𝑗 ,∆𝜀𝑛+1 = 0

(6.1)

(2) Initialise the sub-step count 𝑙 = 0, and estimate the breakage strain based on the
current stress and strain increment.
(𝑙)

∆𝜀𝑛+1 = ∆𝜀𝑖𝑗𝑐𝑢𝑟 − ∆𝜀𝑖𝑗 𝑏(𝑙)
𝑛+1

(6.2)
(𝑙)

∆𝜀𝑖𝑗 𝑏(𝑙)
𝑛+1

(𝑙)

𝜃Γ ψ𝑏
(𝑙) 𝜎𝑛 Δ𝜀𝑛+1
𝑛 −1
=
𝑛𝑐 𝑊𝑡 𝑐 𝛿𝑊𝑡
(𝑙)
(𝑙)
𝜈
𝜎 Δ𝜀 : 𝟏
𝑛

(6.3)

𝑛+1

(3) Initialise 𝑘 = 0 and set initial value for the model variables
𝑝(𝑙,𝑘)

𝑝(𝑙,𝑘)

(𝑙,𝑘)

(𝑙,𝑘)

(𝑙)

(𝑙,𝑘)

∆𝜀𝑣𝑛 +1 = 0 , ∆𝑒𝑛+1 = 0, 𝛼𝑛+1 = 0, 𝑝𝑦𝑛 +1 = 𝑝𝑦𝑛 , ∆𝛾𝑛+1 = 0

(6.4)

(4) Calculate the trial stress using the elastic predictor based on given ∆𝜀𝑣𝑛 +1 and ∆𝑒𝑛+1
(𝑙)

𝑝

𝑡𝑟

=

(𝑙,0)
𝑝𝑛+1

=

𝜈∆𝜀𝑣𝑛 +1

(𝑙)
𝑝𝑛 𝑒𝑥𝑝

(𝑙,0)

(𝑙)

𝑘
(𝑙,0)

(𝑙)

(6.6)

𝜈∆𝜀𝑣𝑛 +1
𝑝𝑦𝑛 𝑒𝑥𝑝
− 𝑝𝑦𝑛
𝑘

(6.7)

𝑠 𝑡𝑟 = 𝒔𝑛+1 = 𝒔𝑛 + 2𝐺𝑛+1 ∆𝑒𝑛+1
(𝑙)

(𝑙,0)

(6.5)

𝐾𝑛+1 =
(𝑙,0)

(𝑙)

∆𝜀𝑣𝑛 +1

𝐺𝑛 +1 =

3 1 − 2𝜐 (𝑙,0)
𝐾𝑛+1
2 1+𝜐

(6.8)

(5) Check yield condition and evaluate residuals
(𝑙,𝑘)

𝑙,𝑘
𝑙,𝑘
𝑙,𝑘
𝑓𝑛+1 = 𝑓 𝒔𝑛+1
, 𝑝𝑛+1
, 𝛼𝑛+1
, 𝑝𝑦𝑙,𝑘
𝑛 +1
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(6.9)

(𝑙,𝑘)



IF 𝑓𝑛 +1 < 𝑇𝑂𝐿𝐹 which is set to 10−4 THEN GOTO (6)
ELSE

(𝑙,𝑘)

𝑟𝑛 +1
=

(𝑙,𝑘)

(𝑙)

(𝑙,𝑘)

(𝑙)

(𝑙)

(𝑙,𝑘)

(𝑙)

𝑝(𝑘)

(𝑙,𝑘)

(𝑙)

𝑝𝑦𝑛 +1 − 𝑝𝑦𝑛 𝑒𝑥𝑝 𝜈 𝜆 − 𝑘
(𝒍,𝒌)

𝜶𝑖𝑗

(𝑙,𝑘)

− ∆𝛾𝑛+1

−1

𝑝(𝑙,𝑘)

∆𝜀𝑣𝑛 +1

𝑣
𝜕𝑔
𝐶𝛼
(𝑙,𝑘)
𝒔𝑖𝑗
(𝑙,𝑘)
(𝑘)
𝜆 − 𝜅 𝜕𝑝
𝑛+1 𝑝𝑦 𝑛 +1
(𝒍,𝒌) (𝑙,𝑘)

− 𝑥𝜶𝑖𝑗 𝑝𝑛+1

3 𝑙,𝑘
(𝑙,𝑘)
𝑙,𝑘
𝑙,𝑘
𝑙,𝑘
𝒔
− 𝜶𝑛𝑙,𝑘
+1 𝑝𝑛+1 : (𝒔𝑛+1 − 𝜶𝑛+1 𝑝𝑛+1 )
2 𝑛+1
(𝑙,𝑘)2 (𝑙,𝑘) 2

− 𝑀𝛼 𝑛 +1 𝑝𝑛+1
−

(𝑙,𝑘)

(6.10)

𝒔𝑛+1 − 𝒔𝑛 -2𝐺𝑛 +1 ∆𝑒𝑛+1 − ∆𝒆𝑛+1
𝑝(𝑙,𝑘)
(𝑙,𝑘) 𝜕𝑔
∆𝑒𝑛+1 − ∆𝛾𝑛+1
(𝑙,𝑘)
𝜕𝒔𝑛+1

1

0.5

(𝑙,𝑘)

IF 𝑟𝑛+1

𝑝(𝑙,𝑘)

𝑝𝑛+1 − 𝑝𝑛 𝑒𝑥𝑝 𝜈 𝑘 −1 ∆𝜀𝑣𝑛 +1 − ∆𝜀𝑣𝑛 +1
𝑝(𝑙,𝑘)
(𝑙,𝑘) 𝜕𝑔
∆𝜀𝑣𝑛 +1 − ∆𝛾𝑛+1
(𝑙,𝑘)
𝜕𝑝𝑛+1

𝑝𝑛+1

(𝑙,𝑘)

𝑝𝑦𝑛 +1

< 𝑇𝑂𝐿𝑅, which is set to 10−5 THEN GOTO (8)

ELSE GOTO 6
(𝑙,𝑘)

(6) Compute algorithm tangent modulus and solve the system for δ𝚾𝑛 +1
(𝑙,𝑘)

𝚵𝑛+1 =

𝜕𝒓
(𝑙,𝑘 )
𝜕𝚾𝑛 +1

(𝑙,𝑘)

(𝑙,𝑘)

𝑙,𝑘

(6.11)

, 𝚵𝑛+1 𝜕𝚾𝑛+1 = −𝛿𝒓𝑛+1 , where
𝑝(𝑙,𝑘)

𝑝(𝑙,𝑘)

(𝑙,𝑘)

(𝑙,𝑘)

𝑙,𝑘
𝑙,𝑘
𝑙,𝑘
𝛿𝑿𝑛+1
= 𝛿𝑝𝑛+1
, 𝛿𝒔𝑛+1
, ∆𝜀𝑣𝑛 +1 , ∆𝑒𝑛+1 𝛿𝑝𝑦𝑛 +1 , 𝛼𝑛𝑙,𝑘
+1 , 𝛿∆𝛾𝑛+1

(7) Update stresses and internal variable
(𝑙,𝑘+1)

𝚾𝑛+1

(𝑙,𝑘)

(𝑙,𝑘)

= 𝚾𝑛+1 + 𝜕𝚾𝑛+1
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(6.12)

Set 𝑘 = 𝑘 + 1 and GO TO (4)

(8) Converge solution
Set ∙

(𝑙)
𝑛+1

= ∙

(𝑙,𝑘)
𝑛+1

(9) Update the breakage strain and estimate residual strain
𝑏(𝑙)
∆𝜀𝑛+1

𝜃Γ ψ𝑏
(𝑙)
𝑛 −1
=
𝑛𝑐 𝑊𝑡 𝑐 𝛿𝑊𝑡
𝜈

(𝑙)

(𝑙)

(6.13)

𝜎𝑖𝑗 Δ𝜀𝑖𝑗
(𝑙)

𝑖=𝑗

(𝑙)

𝜎𝑖𝑗 Δ𝜀𝑖𝑗

(6.14)
(+1)

(𝑙)

()

𝑏(𝑙)

∆𝜀𝑛+1 = ∆𝜀𝑛+1 + ∆𝜀𝑛+1 +∆𝜀𝑛+1
( )

IF

∆𝜀 𝑛𝑇 +1 −∆𝜀 𝑛 +1
∆𝜀 𝑛𝑇 +1

> 𝑇𝑂𝐿𝑆, which is set to 10−3 THEN

Set 𝑙 = 𝑙 + 1 ;  =  + 1
()

𝑐𝑢𝑟
𝑇
∆𝜀𝑛+1
= ∆𝜀𝑛+1
− ∆𝜀𝑛+1

GOTO (2)

END IF

The derivation of the residual function given in step 5 is shown in Table 6.2.
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(6.15)

Table 6.2 Derivative of Jacobian matrix
/𝜕𝑝𝑛+1

/𝜕∆𝜀𝑣𝑝𝑛 +1

/𝜕𝒔𝑛 +1

𝑝
/𝜕∆𝑒𝑛+1

/𝜕𝑝𝑦𝑛 +1

/𝜕𝜶𝑛+1

/𝜕𝛾𝑛+1

𝜕

1

𝐾𝑛+1

0

𝟎

0

0

0

𝜕

𝜕𝑟2 /𝜕𝑝𝑛+1

1

𝜕𝑟2 /𝜕𝒔𝑛 +1

0

0

𝟎

𝜕𝑟2 /𝜕𝛾𝑛+1

𝜕

0

0

𝑰

2𝐺𝑛+1 𝑰

0

𝟎

𝟎

𝜕

0

0

𝟎

𝑰

0

𝟎

𝜕𝑟4 /𝜕𝛾𝑛+1

𝜕

0

𝜕𝑟5 /𝜕∆𝜀𝑣𝑝𝑛 +1

0

0

1

0

0

𝜕

𝜕𝑟6 /𝜕𝑝𝑛+1

0

𝜕𝑟6 /𝜕𝒔𝑛 +1

0

𝜕𝑟6 /𝜕𝑝𝑦𝑛 +1

𝑰

𝜕𝑟6 /𝜕𝛾𝑛+1

𝜕

𝜕𝑟7 /𝜕𝑝𝑛+1

0

𝜕𝑟7 /𝜕𝒔𝑛 +1

0

𝜕𝑟7 /𝜕𝑝𝑦𝑛 +1

𝜕𝑟7 /𝜕𝜶𝑛+1

0

where, I-fourth order identity tensor, 1- second order identity tensor
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The derivation of the equations in Table 6.2 is given in Eqs. (6.16) to (6.28).
𝜕𝑟2
𝜂𝑛 +1
= −Δ𝛾𝑛+1 𝐴𝑔
𝜕𝑝𝑛+1
𝑝𝑛+1

(6.16)

𝜕𝑟2
3 𝒔𝑛+1
= −Δ𝛾𝑛+1 𝐴𝑔
𝜕𝒔𝑛+1
2 𝑞𝑛+1 𝑝𝑛+1

(6.17)

𝜕𝑟2
= −𝐴𝑔 𝑀(𝜃𝑛 +1 )exp
(𝑘𝑔 𝜒𝑛+1 ) − 𝜂𝑛+1
𝜕𝛾𝑛+1

(6.18)

𝜕𝑟4
3 𝒔𝑛 +1
=−
𝜕𝛾𝑛+1
2 𝑝𝑛+1

(6.19)

𝜕𝑟5
𝜐𝑛+1
𝜐𝑛+1
= −𝑝𝑦𝑛
𝑒𝑥𝑝
∆𝜀 𝑝
𝑝
𝜆−𝜅
𝜆 − 𝜅 𝑣𝑛 +1
𝜕∆𝜀𝑣𝑛 +1

(6.20)

𝜕𝑟6
𝜕𝑔 𝜐𝑛+1 𝐶𝛼
= −Δ𝛾𝑛+1
−𝑋𝛼 𝜶𝑛+1
𝜕𝑝𝑛+1
𝜕𝑝𝑛+1 𝜆 − 𝜅 𝑝𝑦𝑛 +1

(6.21)

𝜕𝑟6
𝜕𝑔 𝜐𝑛+1 𝐶𝛼
= −Δ𝛾𝑛+1
𝑰
𝜕𝒔𝑛+1
𝜕𝑝𝑛+1 𝜆 − 𝜅 𝑝𝑦𝑛 +1

(6.22)

𝜕𝑟6
𝜕𝑔 𝜐𝑛+1 𝐶
= Δ𝛾𝑛+1
𝒔
− 𝑋𝛼 𝜶𝑛+1 𝑝𝑛+1
𝜕𝑝𝑦𝑛 +1
𝜕𝑝𝑛+1 𝜆 − 𝜅 𝑝𝑦2𝑛 +1 𝑛+1

(6.23)

𝜕𝑟6
𝜕𝑔 𝜐𝑛+1 𝐶
=−
𝒔
− 𝑋𝛼 𝜶𝑛+1 𝑝𝑛+1
𝜕𝛾𝑛+1
𝜕𝑝𝑛+1 𝜆 − 𝜅 𝑝𝑦𝑛 +1 𝑛+1

(6.24)

𝜕𝑟7
𝑝𝑛+1
= −3𝜶𝑛 +1 : 𝒔𝑛+1 − 𝜶𝑛 +1 𝑝𝑛+1 − 𝑀𝛼2𝑛 +1 𝑝𝑛+1 2 − 2.5
𝜕𝑝𝑛+1
𝑝𝑦𝑛 +1
𝜕𝑟7
= 3 𝒔𝑛+1 − 𝜶𝑛+1 𝑝𝑛+1
𝜕𝒔𝑛 +1
𝜕𝑟7
𝑝𝑛+1
= −0.5𝑀𝛼2𝑛 +1 𝑝𝑛+1
𝜕𝑝𝑦𝑛 +1
𝑝𝑦𝑛 +1

(6.25)

(6.26)

1.5

𝜕𝑟7
= −3𝑝𝑛+1 𝒔𝑛+1 − 𝜶𝑛+1 𝑝𝑛+1
𝜕𝜶𝑛 +1
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0.5

(6.27)

(6.28)

6.4

CONSISTENT TANGENT MODULE (ALGORITHMIC TANGENT
MODULI)

To integrate the constitutive equations, the tangent modulus must be consistent with the
numerical method used in order to preserve the quadratic rate of convergence. The
consistent tangent moduli can be derived from Eq. (6.29) (e.g. Borja and Lee, 1990;
Manzari and Nour, 1997; Oh and Lee, 2001; Hu and Liu, 2014):

𝐶𝑖𝑗𝑘𝑙 = 𝟏 ⊗

𝜕𝑝𝑛+1 𝜕𝒔𝑛+1
+
𝜕𝜀𝑛+1 𝜕𝜀𝑛+1

(6.29)

The derivatives in Eq. (6.29) are then implicitly evaluated by differentiating Eqs. (6.5)
and (6.6) with respect to 𝜀𝑛+1 .
′

𝑝 = 𝑝

𝑠 ′ = 𝑠 𝑡𝑟
where

𝑝𝑡𝑟

′

= 𝐾1;

𝑡𝑟 ′

′

𝑠 𝑡𝑟

𝜕𝑔
𝜕𝑔
− 𝐾∆𝛾
− 𝐾∆𝛾
𝜕𝑝
𝜕𝑝

− 2𝐺
′

′

(6.30)

′

𝜕𝑔
𝜕𝑔
⊗ ∆𝛾 ′ − 2𝐺∆𝛾
𝜕𝑠
𝜕𝑠
1

= 2𝐺 𝑰 − 3 1 ⊗ 1

′

and 𝑝′ = 𝜕𝑝 𝜕𝜀𝑘𝑙

(6.31)

and

𝑠 ′ = 𝜕𝑠𝑖𝑗 𝜕𝜀𝑘𝑙

Rearranging Eq. (6.30), it becomes:
𝑎1 𝑝′ + 𝒂𝟐 𝒔′ + 𝑎3 𝑝𝑦′ + 𝑎4 ∆𝛾 ′ = 𝐾𝟏
𝑞

3

where 𝑎1 = 1 + 𝐾𝛾𝑛+1 𝐴𝑔 𝑝𝑛2 +1 ; 𝒂𝟐 = −𝛾𝑛+1 𝐴𝑔 2 𝑞
𝑛 +1

𝒔𝑛 +1
𝑛 +1 𝑝 𝑛 +1

𝑎4 = 𝐾𝐴𝑔 𝑀(𝜃)exp
(𝑘𝑔 𝜒) − 𝜂

Rearranging Eq. (6.31), it becomes:
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(6.32)
; 𝑎3 = 0;

1
𝒃𝟏 ⊗ 𝑝′ + 𝒃𝟐 𝒔′ + 𝒃𝟑 ⊗ 𝑝𝑦′ + 𝒃𝟒 ⊗ ∆𝛾 ′ = 2𝐺 𝑰 − 1 ⊗ 1
3

(6.33)

𝒔

where 𝒃𝟏 = 0 ; 𝒃𝟐 = 𝑰; 𝒃𝟑 = 𝟎; 𝑏4 = 𝟑𝑮 𝑞𝑛 +1

𝑛 +1

Differentiating the hardening function expressed in Eq. (6.7) with respect to 𝜀𝑛+1 is as
follows:
𝑐1 𝑝′ + 𝒄𝟐 𝒔′ + 𝑐3 𝑝𝑦′ + 𝑐4 ∆𝛾 ′ = 0
𝜈

𝑞

𝜈

3

where 𝑐1 = 𝜆−𝜅 ∆𝛾𝐴𝑔 𝑝 2 ; 𝒄𝟐 = 𝜆−𝜅 ∆𝛾𝑝𝑦 𝐴𝑔 2 𝑞
𝑐4 =

𝒔𝒏+𝟏
𝑛 +1 𝑝 𝑛 +1

(6.34)

; 𝑐3 = 1;

𝜈
𝑝 𝐴 𝑀(𝜃)exp
(𝑘𝑔 𝜒) − 𝜂
𝜆−𝜅 𝑦 𝑔

Finally, differentiating the yield function Eq. (6.9) with respect to 𝜀𝑛+1 gives
𝑑1 𝑝′ + 𝒅𝟐 𝒔′ + 𝑑3 𝑝𝑦′ + 𝑑4 ∆𝛾 ′ = 0
𝜕𝑓

where 𝑑1 = 𝜕𝑝 ; 𝒅𝟐 =

𝜕𝑓

(6.35)

𝜕𝑓

; 𝑑3 = 𝜕𝑝 ; 𝑑4 = 0
𝜕𝒔
𝑦

Eqs.(6.32), (6.33), (6.34) and (6.35) consist of four independent variables 𝑝′ , 𝒔′ , 𝑝𝑦′ , and
∆𝛾 ′ . It can be evaluated by solving such that,
𝑎1 𝒂𝑻𝟐
𝒃𝟏 𝒃𝟐
𝑐1 𝒄𝑻𝟐
𝑑1 𝒅𝑻𝟐

𝑎3
𝒃𝟑
𝑐3
𝑑3

𝑎4
𝒃𝟒
𝑐4
𝑑4

𝑝′
𝒔′
𝑝𝑦′
∆𝛾 ′

𝐾𝟏
1
2𝐺 𝑰 − 𝟏 ⊗ 𝟏
=
3
0
0

(6.36)

Therefore, the consistent tangent modulus 𝐶𝑖𝑗𝑘𝑙 in Eq. (6.29) can be obtained by solving
𝜕𝑝 𝜕𝜀𝑘𝑙 and 𝜕𝑠𝑖𝑗 𝜕𝜀𝑘𝑙 .
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6.5

MODEL CALIBRATION

In section 6.3 the procedure for updating stress for the constitutive model developed for
CW was described. This method was implemented into the ABAQUS software using
the UMAT subroutine (more details in Appendix A). In this section, the verification of
this subroutine is described, and it includes the comparison between the laboratory
triaxial test results and the FE model in ABAQUS. Since the triaxial specimens are
symmetrical, the axisymmetric model was used, as shown in Figure 6.1.

Figure 6.1 Conversion of 3D triaxial specimen to the axisymmetric model

The first step in this verification is to check the response of the single element in the FE
code using the triaxial loading condition. The single element consists of eight nodes that
are referred to as CAX8RP (8-node biquadratic displacement, bilinear pore pressure,
reduced integration) in ABAQUS. The boundary condition for the axisymmetric model
was set such that the bottom and left faces can move horizontally and vertically,
respectively. Two loading steps were then applied onto the element. The required
isotropic pressure (i.e. confining pressure) was applied to the top and right faces of the
element, and then shearing was carried out by applying a downward displacement onto
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the top face of the element; this downward displacement was equivalent to the required
axial strain (18-40%), while maintaining the confining pressure for the previous step
(Figure 6.2).

Figure 6.2 Boundary and loading conditions for axisymmetric single CAX8RP element
in ABAQUS for model verification under triaxial condition

6.5.1

Evaluation of model parameters

In this model, 15 model parameters were calibrated using the experimental results from
compacted coalwash. These model parameters are listed in Table 6.3. The elastic
parameters of the CW at different RC were evaluated using the results of isotropic
consolidation (Table 4.5), and Poisson’s ratio (μ) which was assumed to be 0.3.
Moreover, empirical equations were incorporated to relate CSS parameters (Γ(0),
λ & 𝜃Γ ) and breakage parameters(ψ𝑏 ) to the different shearing conditions (i.e. drained
and undrained). The dilatancy and anisotropic hardening parameters were determined
based on the triaxial test results incorporating the strain induced by particle breakage.
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Table 6.3 Model Parameters
Model parameters description

Symbols

RC=90%

RC=95%

Critical stress ratio

M𝑐

1.41

Anisotropy

α

0.85

Size of yield surface (kPa)

𝑝𝑦

178

240

338

shape parameter of yield surface

𝑙𝑎

4.835

2.98

1.905

𝑙𝑏

1.025

1.057

1.135

Compression slope

λ

0.047

Specific void ratio

Γ(0)

0.61

𝜃Γ

0.22

RC=100%

Re-compression slope

κ

Assumed Poisson’s ratio

𝛭

0.3

Particle breakage

𝜓𝑏

0.00095 (drained condition)

0.0071

0.0054

0.0041

0.000045 (Undrained condition)
Dilatancy

Anisotropy hardening

𝐴𝑔

1.4

1.3

1.1

𝑘𝑔

2.2

1.6

1.2

𝐶𝛼

1.2

0.8

0.4

𝑋𝛼

1.5

1.5

1.5

The performance of the constitutive and numerical approach used for the single element
(Figure 6.2), is shown in Figure 6.3 for two levels of confining pressures (i.e., 25kPa
and 100kPa). Here, the UMAT subroutine based on CW constitutive model can predict
the behaviour of CW shearing reasonably well. The stress-strain behaviour was
observed to depend on the initial conditions in terms of the mean effective stress, the
void ratio, and particle breakage, with the result that the triaxial specimens for CW
prepared at different RC levels were simulated using the developed UMAT subroutine.
The discretised mesh for the triaxial specimen is shown in Figure 6.4.
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Figure 6.3 Verification of the UMAT subroutine using a single element for RC95 under
two confining pressures

Figure 6.4 Mesh discretisation for simulating the triaxial specimen
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6.5.2

Comparison between experimental results and model simulation

The predictions and laboratory results from isotropic consolidation, drained shearing,
and undrained shearing are plotted together in Figures 6.5 to 6.7. Note there is a
reasonably good agreement of the numerical model with the experimental results. The
numerical model could capture the contractive response with strain hardening for the
specimens tested at a higher confining pressure (e.g. 100kPa for the RC95 specimen),
and the dilative behaviour followed by strain softening for the specimen tested at a
lower confining pressure (e.g. 25kPa for RC95 specimen).

Figure 6.5 Calibration and verification of the numerical model with experimental results
and Abaqus model simulation for three RC levels (RC90, RC95 and RC100)
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Figure 6.6 Calibration and verification of the numerical model with drained shearing
experimental results and Abaqus model simulation for CW under different
compaction efforts: (a) RC90; (b) RC95; and (c) RC100
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Figure 6.7 Calibration and verification of the numerical model with undrained shearing
experimental results and Abaqus model simulation for CW under different
compaction efforts: (a) RC90; (b) RC95; and (c) RC100
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6.6

MODEL VALIDATION

The main reason for implementing the constitutive model into FEM (i.e. ABAQUS)
was to study field applications and carry out a more detailed investigation of the
behaviour of CW material under different levels of compaction energy.
6.6.1

Laboratory plane strain footing test

To validate the numerical model, two laboratory plane strain footing prototype tests
were carried out to assess the deformation of CW material prepared at different RC
levels. The test were carried out using a 50mm wide by 200mm long strip footing
pedestal and a 200mm wide by 900mm long by 400mm high test box with a drainage
valve attached at one corner. The reaction was provided by a triaxial frame, while a
load was applied using a load frame based system having strain control displacement.
The gradation of the CW material used for these tests was plotted earlier on Figure 3.2.
The CW was compacted in 10 layers, 3cm thick, to reflect the desired RC level by
adjusting the number of blows. A 0.5cm layer of sand was placed at the bottom of the
box to create a drainage layer so that fully drained conditions were achieved. A 1cm
thick layer of sand was placed over the CW material to ensure that fine particles of CW
could not float when water was poured over the top surface to create a saturated
condition. Prior to testing, the CW material was flooded with water from the top and 48
hours were allowed for saturation. A thin layer of Teflon grease was used to lubricate
the walls of the test box, and to the bottom and sides of the loading pedestal to create a
friction free surface. Two LVDT and a system built displacement control were used to
measure displacement (accurate to 0.001mm); they were fixed to the reference beam
attached to the test system frame. The test setup for the laboratory plane strain footing
prototype test is shown in Figure 6.8a. An axial load was applied at a rate of 0.1mm per
minute; that is, the minimum capacity of the triaxial test rig and corresponding axial
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trust were monitored using a load cell. The shearing pattern of CW at RC90 and RC95
at 𝛿/𝐵 = 0.5 are shown in Figures 6.8b and 6.8c, respectively.

(a)

(b)

(c)

Figure 6.8 Laboratory plane strain footing test at axial strain: (a) 𝛿/𝐵 =0; (b) 𝛿/𝐵 =0.5
(RC90); and (b) 𝛿/𝐵 =0.5 (RC95)

The results of axial stress against the ratio of settlement and footing width (𝛿/𝐵) for
CW with two different RC levels (i.e., RC90 and RC95) are plotted in Figure 6.9. After
reaching a settlement of around 0.7 𝛿/𝐵, the load was released and the test was
terminated. The modulus for unloading the CW material was 139kPa/mm and 195
kPa/mm for RC90 and RC95, respectively.
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Figure 6.9 Variation of axial stress against axial displacement in laboratory plane strain
footing tests

6.6.2

Simulation of plane strain test using ABAQUS

A numerical model for the plane strain test in ABAQUS was established to simulate the
results of the laboratory plane strain footing tests. Due to symmetry in the footing test,
the FE analysis was performed using a mesh having 8-noded plane strain element
(CPE8R) and thus, only half of the domain was considered. The size of the numerical
domain was considered to be the same as the size of the laboratory test setup shown in
Figure 6.8a. The bottom boundary of the mesh was constrained vertically while the two
side boundaries were allowed to move in a vertical direction only. Under the loading
area ( i.e. footing test area), the size of the mesh was finer than other areas because
stress concentration was expected to occur. A schematic sketch of the plane strain
footing model is shown in Figure 6.10a.
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(a)

(b)

Figure 6.10 Plane strain numerical validation; (a) schematic mesh setup with 1591
nodes and 500 elements; and (b) vertical stressunder geostatic step.

The PSD of the CW material used in the laboratory plane strain testing was the same as
that tested in the triaxial testing, and therefore the parameters used for validation were
those used to calibrate the constitutive model (Table 6.3). Two loading steps were
applied onto the model; in the first, the geostatic stresses (i.e., in-situ stresses) were
propagated by defining the unit weight of the CW and applying gravity force. An
example of in-situ vertical stresses under geostatic step for RC90 CW material is plotted
in Figure 6.10b. In the second step, the load was applied onto the footing area because
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the analysis was carried out under load controlled conditions and the vertical
displacements and stresses were monitored. In Figure 6.11, the contours for propagating
vertical displacement and stress are plotted at two different levels of vertical
displacement applied to the specimen RC90.

𝛿 = 0.6mm

𝛿 = 0.6mm

𝛿 = 0.6mm

𝛿 = 1.5mm

𝛿 = 1.5mm

𝛿 = 1.5mm

Figure 6.11 Numerical simulation of flexible plane strain loading condition on CW
material under RC90 at 𝛿 = 0.6mm and 𝛿 = 1.5mm: (a) vertical displacement;
(b) vertical stress; and (c) volumetric strain.

Two plane strain footing tests (RC 90 and RC95) were simulated using loading
conditions and geometry similar to those in the laboratory test. Throughout the
171

simulation, vertical displacement and stress were compared to the laboratory results.
The results of the numerical prediction compared to the laboratory results of the large
scale footing prototype are shown in Figure 6.12, and indicated that the overall
behaviour of the numerical model is in good agreement with the field trial. The model
element suffered some severe distortion at the edge of the footing due to an inaccurate
consistent tangent modulus after the yield stress and numerical simulation were
terminated at around 𝛿 𝐵 = 7%.

Figure 6.12 Comparison of plane strain test with numerical simulation of CW under
different RC levels.
6.7

SUMMARY

To investigate the behaviour of CW prepared at different RC levels in general loading
and boundary conditions that were similar to those expected in a field condition, the
proposed constitutive model described in Chapter 5 was implemented into the finite
element code, ABAQUS. In this chapter, the implementation of the constitutive model
was presented by developing a user-defined UMAT subroutine using FORTRAN code.
Initially, the algorithm used for the stress integration, and the consistent elasto-plastic
tangent modulus in the UMAT subroutine were elaborated and it was found that the
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Newton-Raphson method based on radial return mapping could be used for the
proposed method.

After the UMAT subroutine was developed, it was calibrated and verified by comparing
the results of the numerical analysis with the laboratory drained and undrained triaxial
tests. An axisymmetric geometry and boundary conditions similar to the triaxial
specimen was modelled in ABAQUS. A loading was applied to the model using
displacement controlled conditions and showed that the numerically predicted stressstrain behaviour of CW under different RC levels was in good agreement with the
laboratory data. Finally, the practical application of the developed numerical model was
demonstrated by preparing a model to simulate the plane strain footing test and then
comparing the results with the laboratory tests. The overall axial stress-settlement
curves for the two selected RC of CW material were in reasonably good agreement with
the laboratory test results.

173

CHAPTER SEVEN

7 CONCLUSIONS AND RECOMMENDATIONS

7.1

INTRODUCTION

The increasing demand for land development and the availability of fill material to
expand existing ports and construct new infrastructure is steadily increasing, and
although fresh aggregates such as sand and dredged materials are generally used as fill,
they are costly and their removal from quarries can occasionally be restricted due to
environmental concerns. The potential utilisation of non-conventional granular fill such
as coalwash is important in terms of its economic and environmental benefits. Extensive
laboratory tests were carried out in this thesis on CW material compacted at different
levels of relative compaction to determine the geotechnical parameters needed to assess
its suitability as a structural fill material. This research is also intended to provide a
constitutive and numerical model to capture the stress-strain behaviour in the field
loading conditions expected in its use.

Chapter 3 outlined the basic characteristics of the CW material, the experimental
program, and the specimen preparation for triaxial tests, as well as an explanation of the
equipment used. Chapter 4 discussed the results of a detailed geotechnical investigation
of CW under drained and undrained condition, i.e., stress-strain-volume change
behaviour, pore pressure and the yield behaviour and particle breakage characteristics.
An anisotropic constitutive model developed to predict the mechanical behaviour of
CW compacted at various levels of relative compaction was presented in Chapter 5,
while Chapter 6 discussed the numerical methods for implementing the constitutive
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model into ABAQUS software and the calibration and validation of CW test results.
The outcome of this study with regards to the geotechnical properties, mechanical
behaviour and practical application of CW are provided in the following sections, as
well as details of the main finding from these chapters.

7.2

BASIC GEOTECHNICAL BEHAVIOUR OF COALWASH

The results of preliminary investigations on the CW characteristics (Chapter 3)
indicated that the maximum dry unit weight, optimum moisture content, and specific
gravity was 16.5kN/m3, 12.5% and 2.23, respectively. In order to consider a range of
field placement conditions, CW prepared to four different levels of relative compaction
were studied. Post-compaction particle breakage was substantial and increased with the
rise in relative compaction efforts. This suggested that excessive particle degradation is
likely to cause additional settlement under loading conditions. The permeability of CW
decreased as the level of relative compaction increases due to the decreasing void ratio,
associated particle breakage, and the existence of clayey fines in the CW. The
permeability of compacted coalwash typically ranged between 4.8 x 10-5 and 2.4 x 107

cm/s for relative compaction (RC) levels of 85% and 100%, respectively, which is

comparable to the permeability of silty sand, and silt and clay (e.g. Look, 2007).

Cyclic wetting and drying tests revealed that coalwash has large degradation potential as
the moisture content varies, with the results showing that it may be prone to excessive
deformation due to particle degradation when used in the tidal zone.
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7.3

STRESS-STRAIN BEHAVIOUR OF COALWASH

A series of isotropically consolidated drained and undrained triaxial tests were carried
out at different levels of relative compaction and confining pressures. The results
revealed that the compaction energy and associated initial grading can influence the
behaviour of the stress-strain-volume changed quite significantly; here the peak deviator
stress (or peak friction angle) increased as the level of relative compaction rose, whereas
the axial strain required to mobilise the peak deviator stress decreased.

In drained testing the volumetric responses initially indicated a small contraction
followed by volumetric dilation (i.e., RC95, 3' = 25kPa and RC100, 3' = 25kPa and
50kPa) whereas contraction occurred at higher effective confining pressure. Here the
yield stress increased as the effective confining pressure and the level of relative
compaction effort increased. The specimens prepared at different RC levels (i.e. 90%,
95% and 100%) converged towards approximately the same residual deviator stress and
attained a relatively constant volume state, although this was more noticeable for those
specimens prepared at RC95 and RC100. The results of the stress path compression
tests showed that the compressibility of CW increased as the stress ratio and level of
relative compaction increased. The manner in which coalwash yielded could be
described reasonably well with an expanding anisotropic yield surface model for
different levels of relative compaction (RC).

In undrained shearing, the peak deviator stress and excess pore water pressure increased
as the effective confining pressure increased, but in the RC100 specimen at a low
confining pressure (i.e. 3' = 50kPa) there was a negative excess pore water pressure
due to dilation. The volumetric strain typically increases with an increase in the
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confining pressure and is complementary to the effect of breakage associated with pore
fluid compression and progressive saturation of coalwash micropores.

The results of particle breakage analysis after drained and undrained shearing indicated
that particle breakage in CW was significant during compaction and also in the
compression and shearing stages. There was an increasing amount of particle breakage
for all RC levels as the mean effective stress increased. During drained shearing, the
patterns for different RC levels on total breakage (Bt) and mean effective stress plane
indicated that the degree of densification attained upon compaction caused a shift in the
relationship between total breakage and mean effective stress. However, there was a
trilinear relationship for undrained shearing with a transition at p' = 127kPa and
189kPa.

A unique critical state relationship between 𝑝′ and 𝑞 can be defined for the different RC
levels for drained and undrained conditions with a critical state friction angle ( cs) of
34.8o. With drained shearing, a family of CSLs can be defined in the 𝑒 − 𝑙𝑛 𝑝′ space,
with a progressive shift towards the lower void ratios, whereas the CSL representing
undrained shearing conditions was linear with two transition points on the 𝑒 − 𝑙𝑛 𝑝′
space. Three regions were distinguished by a marked change in the slope after mean
effective stresses of 127kPa and 189kPa, where the first transition stress was defined as
the critical breakage stress. Particle breakage was exacerbated after reaching its critical
breakage stress value, and therefore the critical breakage stress level for any similar
washery discard must be determined in order to avoid excessive particle breakage and
associated deformation during service.
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A new constitutive model based on elasto-plasticity and the critical state framework was
proposed to incorporate the effects of anisotropy and particle breakage and then
describe the stress-strain behaviour of CW in Chapter 5. A novel model for describing
the anisotropic yield surface in a generalised stress space was proposed based on the
shadow projection method. A critical state surface was proposed in e – ln p’ – Bt space
that incorporated the results of drained and undrained shearing tests. An empirical
relationship between the total work done and total particle breakage was established to
compute the plastic strain due to particle breakage. The constitutive model incorporates
a non-associated plastic flow rule and requires 15 parameters to predict the behaviour of
monotonic drained and undrained shearing, but these parameters can be evaluated by
triaxial stress path testing.

7.4

PRACTICAL IMPLICATIONS

The coalwash material produced in the Illawarra collieries is utilised in a variety of
different sites across the Wollongong region for building transport and other
infrastructure, e.g. Port Kembla expansion (Chiaro et al., 2014). The results discussed
in the previous sections (Chapters 3 and 4) revealed that despite substantial breakage,
coalwash would still meet the stringent performance-based criteria for typical
reclamation conditions, whereby the desired apparent friction angle would easily exceed
30o (Davies et al., 2011). Moreover, for typical Port operating conditions where the
applied live loads are expected to be in the rage of 60 to 100kPa (Lai et al., 2011), the
friction angle (Figure 4.14) indicated that this coalwash would have sufficient bearing
capacity. For instance, with an apparent friction angle of 35o and a strip footing 300mm
wide and 600mm deep, the allowable bearing capacity with a partial load factor of 2.0 is
still more than 220kPa.
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Finally, in order to evaluate the behaviour of CW under different loading conditions, the
proposed constitutive model was successfully implemented into the finite element
software (i.e., ABAQUS) by developing a user subroutine known as UMAT. The
response of the numerical model was calibrated with the laboratory triaxial results, and
then a validation of the model was examined by comparing the results of laboratory
footing prototype tests, as shown in Chapter 6. The model demonstrated a reasonably
good agreement with the test data, so the developed numerical model can help engineers
to predict the behaviour of CW under different loading and boundary conditions, for
comparable land reclamation schemes. The model subroutines have been developed in a
user-friendly package, and they can be adopted conveniently for future design
application by industry.

The impact of PSD variation on the geomechanical characteristics of CW was studied
by comparing the test results from this study with findings from Tasalloti (2015), shown
in Appendix B.

7.5

RECOMMENDATION FOR FUTURE STUDY

This research study provided the framework for characterising the geomechanical
behaviour of coalwash that can facilitate its use as structural fill for engineering
projects, but some aspects should be considered for future research:



This experimental study was limited to a particular type coalwash, and since the
properties of CW vary from colliery to colliery, how these source materials
affect the geotechnical behaviour should be investigated, particularly the particle
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breakage characteristics and the mineralogical and mechanical quality of the
fines. This will provide more information to practising engineers and will
increase the level of confidence in utilising these materials.



Since the mechanical behaviour of a granular material is influenced by the
particle size distribution, a series of triaxial tests with a variation of initial PSD
should be carried out, and the appropriate yield and critical state surface relative
to gradation proposed for future studies.



The scope of this study was limited to stress paths in the compression and
extension planes under different levels of relative compaction. In actual field
conditions these materials could be subjected to stress paths other than primarily
compression and extension, such as plane strain, simple shear and true triaxial
conditions. The stress-strain behaviour and the extent of particle degradation in
CW under general stress conditions should be studied in order to design the
material for various field loading conditions.



The scope of this research was limited to different levels of relative compaction
under drained and undrained monotonic loading conditions, but in actual field
conditions, the materials could be subjected to cyclic loading, so the extent of
particle degradation in CW under cyclic loading would need to be studied in
order to capture live loads that are of cyclic nature (eg. Railroads).



Although the suction values for compacted granular material such as CW are
typically not high, the presence of clayey fines could result in larger values of
suction. Moreover, in the field the compacted layers of CW are commonly
placed and remain in partially saturated conditions, so it is recommended that
180

the mechanical behaviour of CW under unsaturated conditions be further
investigated in the laboratory.


The proposed anisotropic constitutive model was based on drained and
undrained monotonic loading results, so by considering the suction and cyclic
loading as described, the model will need to be extended to capture the
unsaturated and cyclic behaviour and implemented in a finite element code. This
will enable practitioners to capture the behaviour of these materials over a wider
range of loading and boundary conditions.

181

REFERENCES
Abelev, A. V., Gutta, S. K., Lade, P. V. & Yamamuro, J. A., 2007. Modeling cross
anisotropy in granular materials. Journal of Engineering Mechanics, 133(8), pp.
919-932.
Albrecht, M. C. 1980. Coal preparation processes. Unit and Bulk Materials Handling,
American Society of Mechanical Engineers Annual Meeting, San Francisco,
CA, August 1980 , pp. 279-288.
Altuhafi, F. N. & Coop, M. R., 2011. Changes to particle characteristics associated with
the compression of sands. Geotechnique, 61(6), pp. 459-471.
Anandarajah, A., 2008. Multi-mechanism anisotropic model for granular materials.
International Journal of Plasticity, 24(5), pp. 804-846.
Armitage, G. 2012. Resources and energy statitistics. In: Bureau of Resources and
Energy Economics, A. G. (ed.). Canberra.
Arthur, J., Chua, K. & Dunstan, T., 1977. Induced anisotropy in a sand. Geotechnique,
27(1), pp. 13-30.
ASTM D1140-14, Standard Test Methods for Determining the Amount of Material
Finer than 75-μm (No. 200) Sieve in Soils by Washing, ASTM International,
West Conshohocken, PA, 2014, www.astm.org
ASTM D4767-11, Standard Test Method for Consolidated Undrained Triaxial
Compression Test for Cohesive Soils, ASTM International, West
Conshohocken, PA, 2011, www.astm.org
ASTM D7181 (2011). Standard test method for consolidated drained triaxial
compression test for soils. ASTM International, West Conshohocken, PA.
Australia Standard(AS) 1289.3.5.1-2006). ―Method for testing soils for engineering
purposes—Soil classification tests—Determination of the soil particle density of
a soil, Sydney, Australia.
Australia Standard(AS) 1289.5.1.1 -2003. Method for testing soils for engineering
purposes—Soil compaction and density tests—Determination of the dry
density/moisture content relation of a soil using standard compactive effort,
Sydney, Australia.
Banerjee, P. & Yousif, N., 1986. A plasticity model for the mechanical behaviour of
anisotropically consolidated clay. International Journal for Numerical and
Analytical Methods in Geomechanics, 10(5), pp. 521-541.
Bardet, J., 1986. Bounding surface plasticity model for sands. Journal of Engineering
Mechanics, 112(11), pp. 1198-1217.
Bedin, J., Schnaid, F., Da Fonseca, A. V. & Costa Filho, L. D. M., 2012. Gold tailings
liquefaction under critical state soil mechanics. Geotechnique, 62(3), pp. 263267.
182

Been, K. & Jefferies, M. G., 1985. State parameter for sands : Geotechnique, 35(2),
pp.99–112.
Been, K., Jefferies, M. G. & Hachey, J., 1991. The critical state of sands. Geotechnique,
41(3), pp. 365-381.
Bishop, A. W., 1966. The strength of soils as engineering materials. Geotechnique,
16(2), pp. 91-130.
Blunden, B., and Gray, A. (2006). ―Coal wash data and product specification: Fill.‖
BHP Billiton-Illawarra Coal, Processing and Logistics, 31, Unanderra, NSW,
Australia.
Borja, R. I. & Lee, S. R., 1990. Cam-clay plasticity, part 1: Implicit integration of
elasto-plastic constitutive relations. Computer Methods in Applied Mechanics
and Engineering, 78(1), pp. 49-72.
Bolton, M. D., 1986. The strength and dilatancy of sands. Geotechnique, 36(1), pp. 6578.
Brandt, J. & Nilsson, L., 1999. A constitutive model for compaction of granular media,
with account for deformation induced anisotropy. Mechanics of
Cohesive‐frictional Materials, 4(4), pp. 391-418.
Busch, R. A., Backer, R. R., Atkins, L. A. & Kealy, C. D. 1975. Physical property data
on fine coal refuse, [Pittsburgh, Pa.], U.S. Dept. of the Interior, Bureau of
Mines.
Canibano, J. G., Garcia, M. & Valcarce, J. a. F. 1990. Construction of a roadbase using
coal wastes stabilized with cement. Proceedings of the third international
symposium on the reclamation, treatment and utilization of coal mining wastes .
Balkema, Rotterdam, Netherlands, pp.17–23.
Carrera, A., Coop, M. & Lancellotta, R., 2011. Influence of grading on the mechanical
behaviour of stava tailings. Geotechnique, 61(11), pp. 935-946.
Casagrande, A. & Carillo, N., 1944. Shear failure of anisotropic materials. J Boston Soc
Civ Eng, 31(4), pp. 74-87.
Cheng, Y. P., Bolton, M. D. & Nakata, Y., 2004. Crushing and plastic deformation of
soils simulated using dem. Geotechnique, 54(2), pp. 131-141.
Chiaro, G., Indraratna, B. and Tasalloti, S.A., 2014. Predicting the behaviour of coal
wash and steel slag mixtures under triaxial conditions. Canadian Geotechnical
Journal, 52(3), pp.367-373.
Coop, M. R. 1990. The mechanics of uncemented carbonate sands. Geotechnique
[Online],
40.
Available:
http://www.icevirtuallibrary.com/content/article/10.1680/geot.1990.40.4.607.
Coop, M. R. & Lee, I. K. 1993. The behaviour of granular soils at elevated stresses. In:
Houlsby, G. T. & Schofield, A. N. (eds.) Predictive soil mechanics. London:
Thomas Telford.
183

Coop, M. R., Sorensen, K. K., Bodas Freitas, T. & Georgoutsos, G., 2004. Particle
breakage during shearing of a carbonate sand. Geotechnique, 54(3), pp. 157 –
163.
Crouch, R., Wolf, J. and Dafalias, Y., 1994. Unified critical‐state bounding‐surface
plasticity model for soil. Journal of Engineering Mechanics, 120(11), pp. 22512270.
Dafalias, Y. F., 1986. An anisotropic critical state soil plasticity model. Mechanics
Research Communications, 13(6), pp. 341-347.
Daouadji, A. & Hicher, P. Y., 2010. An enhanced constitutive model for crushable
granular materials. International Journal for Numerical and Analytical Methods
in Geomechanics, 34(6), pp. 555-580.
Daouadji, A., Hicher, P. Y. & Rahma, A., 2001. An elastoplastic model for granular
materials taking into account grain breakage. European Journal of Mechanics aSolids, 20(1), pp. 113-137.
Davies, M. C. R. (ed.) 1992. The geotechnical properties of cemented colliery waste for
use in land fill: In Geotechnics of Waste Fills—Theory and Practice. ASTM
International.
Davies, P., Philip, R. E. D. and James, D. M. (2011). Geotechnical design for the Port
Botany expansion project, Sydney. Proceedings of the Institution of Civil
Engineers. Geotechnical engineering, 164(9), pp. 149 –167.
Doanh, T., Dubujet, P. & Protière, X., 2013. On the undrained strain-induced anisotropy
of loose sand. Acta Geotechnica, 8(3), pp. 293-309.
Einav, I., 2007. Soil mechanics: Breaking ground. Philosophical Transactions of the
Royal Society A: Mathematical, Physical and Engineering Sciences, 365(1861),
pp. 2985-3002.
Finge, Z., Doanh, T. & Dubujet, P., 2006. Undrained anisotropy of hostun rif loose
sand: New experimental investigations. Canadian Geotechnical Journal, 43(11),
pp. 1195-1212.
Fityus, S., Hancock, G. & Wells, T., 2008. Geotechnical characteristics of coal mine
spoil. Australian Geomechanics, 43(3), pp. 13-22.
Gajo, A. & Piffer, L., 1999. The effects of preloading history on the undrained
behaviour of saturated loose sand. Soils and Foundations, 39(6), pp. 43-53.
Gao, Z., Zhao, J. & Yao, Y., 2010. A generalized anisotropic failure criterion for
geomaterials. International Journal of Solids and Structures, 47(22), pp. 31663185.
Garga, V. K. & Zhang, H., 1997. Volume changes in undrained triaxial tests on sands.
Canadian Geotechnical Journal, 34(5), pp. 762-772.
Google

Maps. (2016). [Wollongong, NSW] [Earth map]. Retrieved
https://www.google.com.au/maps/place/Wollongong+NSW/@184

from

34.3704548,150.6470911,10z/data=!3m1!4b1!4m2!3m1!1s0x6b131ad136a8c94
b:0x4017d681632a8c0!6m1!1e1
Graham, J., Alfaro, M. & Ferris, G., 2004. Compression and strength of dense sand at
high pressures and elevated temperatures. Canadian Geotechnical Journal,
41(6), pp. 1206-1212.
Hagerty, M., Hite, D., Ullrich, C. & Hagerty, D., 1993. One‐dimensional high‐pressure
compression of granular media. Journal of Geotechnical Engineering, 119(1),
pp. 1-18.
Ham, T.-G., Nakata, Y., Orense, R. & Hyodo, M., 2012. Strength anisotropy of
compacted decomposed granite soils. Geotechnical and Geological Engineering,
30(1), pp. 119-127.
Hardin, B. O., 1985. Crushing of soil particles Journal of Geotechnical Engineering,
111(10), pp. 1177-1192.
Hashiguchi, K. & Mase, T., 2007. Extended yield condition of soils with tensile yield
strength and rotational hardening. International Journal of Plasticity, 23(12), pp.
1939-1956.
Hauss, K.-D. & Heibum, M. H. 1990. Minestone in german waterway engineering.
Proceedings of the third international symposium on the reclamation, treatment
and utilization of coal mining wastes., Glasgow, U.K., pp. 249-255.
Hegazy, Y. A., Cushing, A. G. & Lewis, C. J. 2004. Physical, mechanical, and
hydraulic properties of coal refuse for slurry impoundment design. D’Appolonia
Engineering, Monroeville, PA.
Heitor, A., Indraratna, B., and Rujikiatkamjorn, C. (2013). ―Laboratory study of smallstrain behavior of a compacted silty sand.‖ Canadian Geotechnical Journal,
50(2), pp.179–188.
Heitor, A., Indraratna, B., Kaliboullah, C. I., Rujikiatkamjorn & Mcintosh G.W., 2016.
Drained and undrained shear behaviour of compacted coalwash. ASCE's Journal
of Geotechnical and Geoenvironmental Engineering (in press, available online).
Hibbitt, Karlsson & Sorensen 2012. Abaqus user's manual, version 6.12. Pawtucket, RI:
Hibbitt, Karlsson, Sorensen Inc.,.
Hill, R. 1950. The mathematical theory of plasticity., Oxford University Press.
Holtz, R.D., Kovacs, W.D. and Sheahan, T.C. (2011). An introduction to geotechnical
engineering. NJ, Pearson.
Holubec, I., 1976. Geotechnical aspects of coal waste embankments. Canadian
Geotechnical Journal, 13(1), pp. 27-39.
Hu, W., Yin, Z. Y., Dano, C. & Hicher, P. Y., 2011. A constitutive model for granular
materials considering grain breakage. Science China-Technological Sciences,
54(8), pp. 2188-2196.

185

Hu, C. & Liu, H., 2014. Implicit and explicit integration schemes in the anisotropic
bounding surface plasticity model for cyclic behaviours of saturated clay.
Computers and Geotechnics, 55, pp. 27-41.
Imam, S. M. R., Morgenstern, N. R., Robertson, P. K. & Chan, D. H., 2005. A criticalstate constitutive model for liquefiable sand. Canadian Geotechnical Journal,
42(3), pp. 830-855.
Indraratna, B., Wijewardena, L. S. S., and Balasubramaniam, A. S. (1993). Large-scale
triaxial testing of greywacke rockfill. Geotechnique, 43(1), 37–51.
Indraratna, B., 1994. Geotechnical characterization of blended coal tailings for
construction and rehabilitation work. Quarterly Journal of Engineering Geology,
27, pp. 353-361.
Indraratna, B., Gasson, I. & Chowdhury, R. N., 1994. Utilization of compacted coal
tailings as a structural fill Canadian Geotechnical Journal, 31(5), pp. 614–623.
Indraratna, B., Ionescu, D. & Christie, H., 1998. Shear behavior of railway ballast based
on large-scale triaxial tests. Journal of Geotechnical and Geoenvironmental
Engineering, 124(5), pp. 439-449.
Indraratna, B., Lackenby, J. & Christie, D., 2005. Effect of confining pressure on the
degradation of ballast under cyclic loading. Geotechnique, 55(4), pp. 325-328.
Indraratna, B., Rujikiatkamjorn, C. & Chiaro, G. 2012. Characterization of compacted
coal wash as structural fill material. Geotechnical Special Publication, ASCE,
225, pp.3826-3834.
Indraratna, B. & Salim, W., 2002. Modelling of particle breakage of coarse aggregates
incorporating strength and dilatancy, Geotechnical Engineering, Proc. Of the
Institution of Civil Engineers, London, Vol. 155(4), pp.243-252.
Indraratna, B., Sun, Q. D. & Nimbalkar, S., 2014. Observed and predicted behaviour of
rail ballast under monotonic loading capturing particle breakage. Canadian
Geotechnical Journal, 52(1), pp. 73-86.
Indraratna, B., Thakur, P. K. & Vinod, J. S., 2010. Experimental and numerical study of
railway ballast behaviour under cyclic loading. International Journal of
Geomechanics, ASCE, 10(4), pp. 136-144.
Ishihara, K. 1993. Liquefaction and flow failure during earthquakes. Géotechnique,
43(3): pp. 351–415.
Ishihara, K., Tatsuoka, F., and Yasuda, S. 1975. Undrained deformation and
liquefaction of sand under cyclic stresses. Soils and Foundations, 15(1): pp. 29–
44.
Kaliboullah, C. I., Indraratna, B., Rujikiatkamjorn, C., and Heitor, A. 2015a. Evaluation
of coalwash as a potential structural fill material for port reclamation.
Proceedings of the 12th Australia New Zealand Conference on Geomechanics
(ANZ 2015), Wellington, N. Z., pp. 199-206.

186

Kaliboullah, C. I., Indraratna, B., Heitor, A., Rujikiatkamjorn, C. (2015b) Influence of
Particle Breakage on the Geomechanical Behaviour of Compacted Coalwash.
ICGE2015 Colombo Conference Proceedings of the International Conference
on Geotechnical Engineering (ICGEColombo2015), Colombo, Sri Lanka, 10-11
August, pp. 169-172 .
Kettle, R. J., 1983. The improvement of colliery spoil. Quarterly Journal of
Engineering Geology, 16(3), pp. 221-229.
Kikumoto, M., Wood, D. M. & Russell, A., 2010. Particle crushing and deformation
behaviour. Soils and Foundations, 50(4), pp. 547-563.
Kim, T. & Finno, R. J., 2011. Anisotropy evolution and irrecoverable deformation in
triaxial stress probes. Journal of Geotechnical and Geoenvironmental
Engineering, 138(2), pp.155-165.
Lade, P., Liggio, C. & Yamamuro, J., 1998. Effects of non-plastic fines on minimum
and maximum void ratios of sand. Geotechnical Testing Journal, 21(4), pp. 336347.
Lade, P., Yamamuro, J. & Bopp, P., 1996. Significance of particle crushing in granular
materials. Journal of Geotechnical Engineering, 122(4), pp. 309-316.
Lade, P. V. & Abelev, A. V., 2005. Characterization of cross-anisotropic soil deposits
from isotropic compression tests. Soils and Foundations, 45(5), pp. 89-102.
Lade, P. V., Gutta, S. K. & Yamamuro, J. A., 2009. Kinematic hardening predictions of
large stress-reversals in 3-d test on loose sand. Computers and Geotechnics,
36(8), pp. 1285-1297.
Lai, Z., Hsi, J., Rheinberger, T. and Andrews, T. (2011). Geotechnical offshore site
investigation and reclamation design at Port Kembla. Proceedings of Australian
Geomechanics Society Sydney Symposium, Coastal and Marine Geotechnics:
Foundations and Trade, Sydney, pp. 61-72.
Lee, I. K. & Coop, M. R., 1995. The intrinsic behaviour of a decomposed granite soil.
Geotechnique, 45(1), pp. 117-130.
Lee, K. L. & Farhoomand, I., 1967. Compressibility and crushing of granular soil in
anisotropic triaxial compression. Canadian Geotechnical Journal, 4(1), pp. 6886.
Leventhal, A. 1996. Coal washery reject as an engineered material. Proceedings of the
National Symposium on the use of Recycled Materials in Engineering
Construction Sydney, Australia, pp. 54-59.
Leventhal, A. R. & De Ambrosis, L. P., 1985. Waste disposal in coal mining—a
geotechnical analysis. Engineering Geology, 22(1), pp. 83-96.
Li, X. S. & Dafalias, Y. F., 2000. Dilatancy for cohesionless soils. Geotechnique, 50(4),
pp. 449-460.

187

Li, X. & Dafalias, Y., 2002. Constitutive modeling of inherently anisotropic sand
behavior. Journal of Geotechnical and Geoenvironmental Engineering, 128(10),
pp. 868-880.
Liang, R. Y. & Shaw, H.-L., 1991. Anisotropic hardening plasticity model for sands.
Journal of Geotechnical Engineering, 117(6), pp. 913-933.
Liu, M., Gao, Y. & Liu, H., 2014. An elastoplastic constitutive model for rockfills
incorporating energy dissipation of nonlinear friction and particle breakage.
International Journal for Numerical & Analytical Methods in Geomechanics,
38(9), pp. 935-960.
Liu, M. D. & Indraratna, B., 2010. General strength criterion for geomaterials including
anisotropic effect. International Journal of Geomechanics, 11(3), pp.251-262.
Liu, N. & Pang, M. 2010. Rendering soft shadows with opengl based on planar
projection method. Network Infrastructure and Digital Content, 2010 2nd IEEE
International Conference on, pp. 235-239.
Look,B., 2007. Handbook of Geotechnical Investigation and Design Tables, ISBN
9780-415-43038-8. Taylor & Francis.
Lu, G. Q. & Do, D. D., 1992. Physical structure and adsorption properties of coal
washery reject. Fuel, 71(7), pp. 809-813.
Mackinnon, W. L. A. & Swanson, A. R., 2010. Strategies for washing australian coals.
International Journal of Coal Preparation and Utilization, 30(2-5), pp. 69-82.
Manzari, M. T. & Nour, M. A., 1997. On implicit integration of bounding surface
plasticity models. Computers and Structures, 63(3), pp. 385-395.
Marsal, T. J., 1967. Large-scale testing of rockfill materials. Journal of the Soil
Mechanics and Foundations Division, 93(2), pp. 27-43.
Mcdowell, G. R. & Bolton, M. D., 1998. On the micromechanics of crushable
aggregates. Geotechnique, 48(5), pp. 667-679.
Mcdowell, G. R., Bolton, M. D. & Robertson, D., 1996. The fractal crushing of granular
materials. Journal of the Mechanics and Physics of Solids, 44(12), pp. 20792101.
Mcdowell, G. R., Nakata, Y. & Hyodo, M., 2002. On the plastic hardening of sand.
Geotechnique, 52(5), pp. 349-358.
Mcintosh, G. W. & Barthelmess, A. J. 2012. Remediation of an old landfill at
unanderra, nsw. Proceedings of the International Conference on Ground
Improvement & Ground Control : Transport Infrastructure Development and
Natural hazards Mitigation ICGI-2012, Wollongong, Australia, pp. 997-1004.
Mesri, G. & Vardhanabhuti, B., 2009. Compression of granular materials. Canadian
Geotechnical Journal, 46(4), pp. 369-392.
Mitchell, J. K. & Soga, K. 2005. Fundamentals of soil behavior, New York ; Chichester
: Wiley, 2005.3rd ed.
188

Miura, N. & O-Hara, S., 1979. Particle crushing of a decomposed granite soil under
shear stresses . Soils and Foundations, 19(3), pp. 1–14.
Montgomery, D. G. 1990. Utilisation of coal washery wastes in engineering
construction. International Coal Engineering Conference (1990 : Sydney,
N.S.W.). Barton, ACT: Institution of Engineers, Australia, pp.79-83.
Mroz, Z. & Zienkiewicz, O. C. 1984. Uniform formulation of constitutive equations for
clays and sands. Mechanics of engineering materials, 12, pp.415-449.
Niemunis, A., Grandas-Tavera, C. & Prada-Sarmiento, L., 2009. Anisotropic viscohypoplasticity. Acta Geotechnica, 4(4), pp. 293-314.
Nova, R. & Wood, D. M., 1979. A constitutive model for sand in triaxial compression.
International Journal for Numerical and Analytical Methods in Geomechanics,
3(3), pp. 255-278.
Nova. 1982. A constitutive model for soil under monotonic and cyclic loading. In Soil
mechanics-transient and cyclic loads, Edited by GNPande and OCZienkiewicz
John Wiley & Sons, Chichester, pp. 343-373.
Oda, M., 1972. Initial fabrics and their relations to mechanical properties of granular
material. Soils and Foundations, 12(1), pp. 17-36.
Oda, M., 1993. Inherent and induced anisotropy in plasticity theory of granular soils.
Mechanics of Materials, 16(1), pp. 35-45.
Oh, S. & Lee, S. R., 2001. Formulation of implicit stress integration and consistent
tangent modulus for an anisotropic hardening constitutive model. Computer
Methods in Applied Mechanics and Engineering, 191, pp. 255-272.
Okagbue, C. O. & Ochulor, O. H., 2007. The potential of cement-stabilized coal-reject
as a construction material. Bulletin of Engineering Geology and the
Environment, 66(2), pp. 143-151.
Ortiz, M. & Simo, J. C., 1986. An analysis of a new class of integration algorithms for
elastoplastic constitutive relations. International Journal for Numerical Methods
in Engineering, 23(3), pp. 353-366.
Oweis, I. S. & Khera, R. P. 1990. Geotechnology of waste management, PWS
Publishing.
Pestana, J. M. & Whittle, A. J., 1999. Formulation of a unified constitutive model for
clays and sands. International Journal for Numerical and Analytical Methods in
Geomechanics, 23(12), pp. 1215-1243.
Poorooshasb, H. B., Holubec, I. & Sherbourne, A. N., 1966. Yielding and flow of sand
in triaxial compression: Part i. Canadian Geotechnical Journal, 3(4), pp. 179190.
Qiu, Y. & Sego, D. C., 2001. Laboratory properties of mine tailings. Canadian
Geotechnical Journal, 38(1), pp. 183-190.

189

Roscoe, K. H., Schofield, A. N. & Thurairajah, A. 1963. Yielding of clays in states
wetter than critical. Geotechnique [Online], 13(3), pp.211-240.Available:
http://www.icevirtuallibrary.com/content/article/10.1680/geot.1963.13.3.211.
Rothenburg, L. & Bathurst, R., 1989. Analytical study of induced anisotropy in
idealized granular materials. Geotechnique, 39(4), pp. 601-614.
Rowe, P. W., 1962. The stress-dilatancy relation for static equilibrium of an assembly of
particles in contact. Proceedings of the Royal Society of London, Series A, 269,
pp. 500-527.
Rujikiatkamjorn, C., Indraratna, B. & Chiaro, G., 2013. Compaction of coal wash to
optimise its utilisation as water-front reclamation fill. Geomechanics and
Geoengineering, 8(1), pp. 36-45.
Russell, A. R. & Khalili, N., 2004. A bounding surface plasticity model for sands
exhibiting particle crushing. Canadian Geotechnical Journal, 41(6), pp. 11791192.
Salim, W. & Indraratna, B., 2004. A new elastoplastic constitutive model for coarse
granular aggregates incorporating particle breakage. Canadian Geotechnical
Journal, 41(4), pp. 657-671.
Saxena, S. S., Lourie, D. E. & Roa, J. S., 1984. Compaction criteria for eastern coal
waste embankments. Journal of Geotechnical Engineering, 110(2), pp. 262-284.
Schofield, A. & Wroth, P. 1968. Critical state soil mechanics, London : McGraw Hill,
1968.
Schreyer, H. L., Kulak, R. F. & Kramer, J. M., 1979. Accurate numerical solutions for
elastic-plastic models. Journal of Pressure Vessel Technology, 101(3), pp. 226234.
Seddon, K. D., Leventhal, A. R. A. & Miller, S. D., 1986. Geotechnical and
geochemical testing for the characterisation of coal washery wastes.
International Conference on Mining and Industrial Waste Management, South
African Institute of Civil Engineers, Pretoria, South Africa, pp.253–264.
Selig, E.T.,Chaney, R.C., Stevens,E. and Sheth, N. (1979). Suggested Test Method for
Determination of egree of Saturation of Soil Samples by B Value Measurement .
Geotechnical Testing Journal, 2(3), 158-162.
Simo, J. C. & Taylor, R. L., 1985. Consistent tangent operators for rate-independent
elastoplasticity. Computer Methods in Applied Mechanics and Engineering,
48(1), pp. 101-118.
Skarżyńska, K. M., 1995a. Reuse of coal mining wastes in civil engineering — part 1:
Properties of minestone. Waste Management, 15(1), pp. 3-42.
Skarżyńska, K. M., 1995b. Reuse of coal mining wastes in civil engineering — part 2:
Utilization of minestone. Waste Management, 15(2), pp. 83-126.
Skempton, A.W., (1954). The pore-pressure coefficients A and B. Geotechnique, 4(4),
pp.143-147.
190

Sloan, S. W., 1987. Substepping schemes for the numerical integration of elastoplastic
stress-strain relations. International Journal for Numerical Methods in
Engineering, 24(5), pp. 893-911.
Stroud, W.J., Sherwin L., Roy H.N. and Baker C.J., (1985), Wollongong – Port Hacking
1:100000 Geological Sheet 9029-9129, 1st edition. Geological Survey of New
South Wales, Sydney.
Taiebat, M. & Dafalias, Y. F., 2008. Sanisand: Simple anisotropic sand plasticity
model. International Journal for Numerical and Analytical Methods in
Geomechanics, 32(8), pp. 915-948.
Taiebat, M. & Dafalias, Y. F., 2010. Simple yield surface expressions appropriate for
soil plasticity. International Journal of Geomechanics, 10(4), pp.161-169.
Tasalloti, S. M. A., Indraratna, B., Rujikiatkamjorn, C., Heitor, A., and Chiaro, G.,
2015. A Laboratory Study on the Shear Behavior of Mixtures of Coal Wash and
Steel Furnace Slag as Potential Structural Fill. Geotechnical Testing Journal,
38(4), pp. 361–372, doi:10.1520/GTJ20140047. ISSN 0149-6115.
Tatsuoka, F., Sakamoto, M., Kawamura, T. & Fukushima, S., 1986. Strength and
deformation characteristics of sand in plane strain compression at extremely low
pressures. Soils and Foundations, 26(1), pp. 65-84.
Taylor, D.W. (1948). Fundamentals of soil mechanics, Wiley, New York.
Terzaghi, K. & Peck, R. B. 1948. Soil mechanics in engineering practice, New York :
Wiley, 1948.
Thevanayagam, S., Shenthan, T., Mohan, S. & Liang, J., 2002. Undrained fragility of
clean sands, silty sands, and sandy silts. Journal of Geotechnical &
Geoenvironmental Engineering, 128(10), pp. 849.
Thomson, G. M. & Rodin, S., 1972. Colliery spoil tips : After aberfan. Institution of
Civil Engineers.
Ueng, T.-S. & Chen, T.-J., 2000. Energy aspects of particle breakage in drained shear of
sands. Geotechnique, 50(1), pp. 65-72.
Vesic, A. S. & Clough, G. W., 1968. Behavior of granular materials under high stresses.
Journal of the Soil Mechanics and Foundations Division, 94(3), pp. 661-688.
Viana Da Fonseca, A., Rios, S. & Amaral, M. F., 2013. Structural anisotropy by static
compaction. Engineering Geology, 154, pp. 89-97.
Williams, D. J. & Morris, P. H. 1990. Engineering properties of australian coal mine
tailings relevant to their disposal and rehabilitation. Proceedings of the third
international symposium on the reclamation, treatment and utilization of coal
mining wastes . Glasgow, U.K., pp. 49-56.
Wood, D. M. & Maeda, K., 2008. Changing grading of soil: Effect on critical states.
Acta Geotechnica, 3(1), pp. 3-14.

191

Yamamuro, J. & Lade, P., 1996. Drained sand behavior in axisymmetric tests at high
pressures. Journal of Geotechnical Engineering, 122(2), pp. 109-119.
Yamamuro, J. A. & Lade, P. V., 1993. Effects of strain rate on instability of granular
soils. Geotechnical Testing Journal, 16(3), pp. 1.
Yao, Y.-P., Yamamoto, H. & Wang, N.-D., 2008. Constitutive model considering sand
crushing. Soils and Foundations, 48(4), pp. 603-608.
Yasufuku, N., Murata, H., Hyodo, M. & Hyde, A. F. L., 1991. A stress-strain
relationship for anisotropically consolidated sand over a wide stress region. Soils
and Foundations, 31(4), pp. 75-92.
Yu, H. S., 1998. Casm: A unified state parameter model for clay and sand. International
Journal for Numerical and Analytical Methods in Geomechanics, 22(8), pp.
621-653.
Yu, H. S. & Yuan, X., 2006. On a class of non-coaxial plasticity models for granular
soils. Proceedings of the Royal Society A: Mathematical, Physical and
Engineering Science, 462(2067), pp. 725-748.
Zhang, B.-Y., Jie, Y.-X. & Kong, D.-Z., 2013. Particle size distribution and relative
breakage for a cement ellipsoid aggregate. Computers and Geotechnics, 53, pp.
31-39.
Zhao, J., Sheng, D., Rouainia, M. & Sloan, S. W., 2005. Explicit stress integration of
complex soil models. International Journal for Numerical and Analytical
Methods in Geomechanics, 29(12), pp. 1209-1229.
Zhao, X. L. & Evans, T. M., 2011. Numerical analysis of critical state behaviors of
granular soils under different loading conditions. Granular Matter, 13(6), pp.
751-764.

192

APPENDIX A. UMAT SUBROUTINE FOR THE COALWASH CONSTITUTIVE
MODEL

1
2
3
4

subroutine umat(stress,statv,ddsdde,sse,spd,scd,
rpl,ddsddt,drplde,drpldt,stran,dstran,
time,dtime,temp,dtemp,predef,dpred,cmname,ndi,nshr,ntens,
nstatv,props,nprops,coords,drot,pnewdt,celent,
dfgdr0,dfgdr1,noel,npt,layer,kspt,kstep,kinc)

c
include 'aba_param.inc'
c
character*80 cmname
c
1
2
3
c
c
c

double precision stress(ntens),statv(nstatv),
ddsdde(ntens,ntens),ddsddt(ntens),drplde(ntens),
stran(ntens),dstran(ntens),time(2),predef(1),dpred(1),
props(nprops),coords(3),drot(3,3),dfgrd0(3,3),dfgrd1(3,3)
Local arrays

1
2
3
4
5
6
7
8
9
A

double precision s(4),strea(4),streb(4),strec(4),err(4),
dstress(4),dstressa(4),newdstress(4),
salpha(4),ddsddet(4,4),dalp(4),dfdalp(4),
dstra(4),dstraa(4),dstrab(4),dstrad(4),dstra1(4),
stra(4),eelas0(4),eelas1(4),eelas2(4),De(4,4),
eplas0(4),eplas1(4),eplasb(4),eplasb1(4),deb(4),
T1(4,1),dfdsT(1,4),dgds(4,1),dgdp,eelas3(4),eelas01(4),
eelas02(4),eplas01(4),eplas02(4),Dc(4,4),res(16),Jra(16,16),
ss(4),inJra(16,16),da(16),ss1(4),ssT(4),pT,desp(4),devp,
salphaT(4),desT(4),dfdss(4),streT(4),dgdss(4),dfdp,ssT1(4),
Dep(4,4),eplas2(4),dstressb(4),T2(4,1),T3(1,4)

c
integer k1,k2,kinc,countt,flag,count,con
c
1
2
4
5
6
7
8
9
A
B

double precision prep,preq,preeta,p,q,eta,
postp,postq,posteta,py,alpha,enu,py,alpha1,
predes,predev,rxi,voids,dwd,mcs,ks,rkap,K,G,
rlam,rgamma,rtheta,bt,ldindx,dpydev,hard,p1,q1,
postdes,postdev,deva,devb,dev0,des0,devc,chi,
calp,xialp,thetaa,thetab,fa,fb,fc,kp,des,dev,
malpha,deverror,deltaT,py1,n1,dfdpy,dgdq,
ab,ac,tolr,tolf,tols,R1,modr(50),delta(4),
dist1,dist2,T,R,moderr,modstre,qfact,ks1,dpy1,dpy2,
p11,q11,fb1,qT,etaT,pyT,exp,moddev,A,kg,alp,wd,bc,bs,
ny,ak,an,la,lb,ld,M,theta,h
data

1
2
c
c
c
c

R0,RP5,R1,R2,R3/
0.d0,0.5d0,1.d0,2.d0,3.d0/
data delta/1.d0,1.d0,1.d0,0.d0/
data exp/2.7182818284590452353602874713527d0/
Set stress and strain to conventional definition in soil
mechanics. (compression terms as positive)
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c
strea(1:4)=-stress(1:4)
stra(1:4)=-stran(1:4)
dstra(1:4)=-dstran(1:4)
c
c
c

Material properties
enu
rkap
rlam
rtheta
rgamma
voids
bc
con
rxi
mcs
alp
calp
xialp
A
kg

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

props(1)
props(2)
props(3)
props(4)
props(5)
props(6)
props(7)
props(8)
props(9)
props(10)
props(11)
props(12)
props(13)
props(14)
props(15)

ny=0.5
la=2.1d0
lb=0.88d0
if (kstep.eq.R1) then
statv=0.d0
voids=props(6)
bt=props(7)
salpha(1)=-alp/R3
salpha(2)=alp/R3*R2
salpha(3)=-alp/R3
salpha(4)=R0
py=props(15)
else
salpha(1:4)=statv(13:16)
voids=statv(33)
py=statv(34)
bt=props(7)+statv(41)
end if
c
c
c

Assign workdone history

wd=statv(36)
c
c user defined time delay for code analysis
c
c
countt=0
c
do while (countt.lt.10000)
c
countt=countt+1
c
end do
c
c estimate deviator and volumetric strain
call getD(dstra,ntens,des,dev)
call getmod(dstra,moddev)
c set toleranace
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tolr=1.d-5
tolf=1.d-4
tols=1.d-3*moddev
c set state variable as zero
devc=R0
ddsddet=R0
deb=R0
c
c zero the strain increment for elastic, plastic and breakage part.
c
dstra1(1:4)=dstra(1:4)
eelas1(1:4)=R0
eelas2(1:4)=R0
eplas1(1:4)=R0
dstrad(1:4)=R0
c
cc stage 1: calculation of particle breakage based on current stress
c
c estimate stress, strain, plastic workdone and tentative breakage
strain
100
call getPQ(strea,prep,preq,preeta,sS)
call getD(dstra1,ntens,predes,predev)
call getWD(prep,prep,preq,preq,predes,predev,dwd)
deva=predev
call getDEB(dwd,wd,con,rxi,voids,rtheta,dstra,strea,deb,devb,bs)
c
c Assign elastic and breakage strain
c
eelas0(1:4)=dstra1(1:4)-deb(1:4)
eplas0(1:4)=R0
eplasb(1:4)=deb(1:4)
c calculate anisotropy gradient and Malpha
call getalpha(salpha,alpha)
call getmalphap(strea,salpha,alpha,mcs,la,lb,malpha)
c calculate stress increment
call getdstress(voids,rkap,enu,prep,eelas0,K,G,dstress,De)
call newstress(dstress,strea,streb)
call getPQ(streb,p,q,eta,sst)
c check stress are within yield surface
call yieldf(streb,salpha,malpha,py,ny,fb)
if (fb.le.tolf) then
eelas1(1:4)=eelas0(1:4)
Dc(1:4,1:4)=De(1:4,1:4)
go to 400
end if
cc plasticity occurs
c
initialize
devp=R0
desp(1:4)=R0
ldindx=R0
pyT=py
salphaT(1:4)=salpha(1:4)
bs=statv(41)
bt=props(7)+bs
c
elastic predictor
call getD(eelas0,ntens,des0,dev0)
desT(1:4)=eelas0(1:4)-dev0/3.d0*delta(1:4)
pT=prep*exp**((1+voids)/rkap*dev0)
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c

225

ssT(1:3)=ss(1:3)+2.d0*G*desT(1:3)
ssT(4)=ss(4)+G*desT(4)
plastic corrector using Newton-Raphson iteration
streT(1:4)=pT*delta(1:4)+ssT(1:4)
call getPQ(streT,pT,qT,etaT,ssT1)
call getdfdsT(streT,salphaT,malpha,pyT,ny,dfdsT,dfdss,dfdp)
call getdgds(streT,mcs,A,kg,rlam,rkap,rtheta,rgamma,bt,voids,
&
dgds,dgdss,dgdp,chi)
call gethard(streT,salphaT,rlam,rkap,malpha,voids,pyT,ny,
&
calp,xialp,dgdp,dfdp,dfdalp,dalp,hard,dpydev,dfdpy)
call yieldf(streT,salphaT,malpha,pyT,ny,fb)
modr=R1
count=2
res(1)=pT-prep*exp**((1+voids)/rkap*(dev0-devp))
res(2)=devp-ldindx*dgdp
res(3:5)=ssT(1:3)-ss(1:3)-R2*G*(desT(1:3)-desp(1:3))
res(6)=ssT(4)-ss(4)-G*(desT(4)-desp(4))
res(7:10)= desp(1:4)-ldindx*dgdss(1:4)
res(11)=pyT-py*exp**((1+voids)/(rlam-rkap)*devp)
res(12:15)=salphaT(1:4)-salpha(1:4)-ldindx*dalp(1:4)
res(16)=fb
call getl2norm(res,16,modr(count))
if (modr(count).gt.tolr) then
call getjacobian(streT,strea,salpha,malpha,ny,pyT,py,
&
ldindx,K,G,dpydev,A,dgdp,dfdp,dfdss,dfdpy,dfdalp,
&
dalp,voids,rlam,rkap,calp,xialp,Jra)
call inverse16(Jra,inJra,16)
do k1=1,16
da(k1)=R0
do k2=1,16
da(k1)=da(k1)-inJra(k1,k2)*res(k2)
end do
end do
pT=pT+da(1)
devp=devp+da(2)
ssT(1:4)=ssT(1:4)+da(3:6)
desp(1:4)=desp(1:4)+da(7:10)
pyT=pyT+da(11)
salphaT(1:4)=salphaT(1:4)+da(12:15)
call getalpha(salphaT,alpha)
streT(1:4)=pT*delta(1:4)+ssT(1:4)
ldindx=ldindx+da(16)

&
&

call getPQ(streT,pT,qT,etaT,ssT1)
call getdfdsT(streT,salphaT,malpha,pyT,ny,dfdsT,dfdss,dfdp)
call getdgds(streT,mcs,A,kg,rlam,rkap,rtheta,rgamma,bt,
voids,dgds,dgdss,dgdp,chi)
call gethard(streT,salphaT,rlam,rkap,malpha,voids,pyT,ny,
calp,xialp,dgdp,dfdp,dfdalp,dalp,hard,dpydev,dfdpy)
call yieldf(streT,salphaT,malpha,pyT,ny,fb)
count=count+1
go to 225
end if
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250

strea(1:4)=streT(1:4)
p=pT
py=pyT
eplas2(1:4)=devp/3.d0*delta(1:4)+desp(1:4)
eelas2(1:4)=eelas0(1:4)-eplas2(1:4)
salpha(1:4)=salphaT(1:4)

c estimate the strain induced by particle breakage
call getPQ(strea,postp,postq,posteta,s)
call getD(dstraa,ntens,postdes,postdev)
call getWD(prep,postp,preq,postq,postdes,postdev,dwd)
call
getDEB(dwd,wd,con,rxi,voids,rtheta,dstraa,strea,deb,devb,bs)
do k1=1,4
eplasb(k1)=eplasb(k1)+deb(k1)
dstraa(k1)=dstraa(k1)+deb(k1)
end do
c
c
c

Update current iteration volumetric strain
call getD(dstraa,ntens,postdes,postdev)
devc=devc+postdev
eelas1(1:4)=eelas1(1:4)+eelas2(1:4)
eplas1(1:4)=eplas1(1:4)+eplas2(1:4)
dstrad(1:4)=eelas1(1:4)+eplas1(1:4)+eplasb(1:4)

statv(41)=bs
c
c Check the residual strains and repeat the procedure if tolerance is
more
c
call getmod(dstra,dist1)
call getmod(dstrad,dist2)
deverror=dist1-dist2
if (deverror.gt.tols) then
dstra1(1:4)=dstra(1:4)-dstrad(1:4)
goto 100
end if
c
c
c

update elasto-plastic matrix

streb(1:4)=strea(1:4)
c update the jacobian
call
call
call
call

getdstress(voids,rkap,enu,pT,dstra,K,G,dstress,De)
D_matrix(dfdsT,dgds,hard,Dc,dstra,ldindx,T1,ddsddet)
getdfdsT(streb,salpha,malpha,py,ny,dfdsT,dfdss,dfdp)
getdgds(streb,mcs,A,kg,rlam,rkap,rtheta,rgamma,bt,voids,
&
dgds,dgdss,dgdp,chi)
call gethard(streb,salpha,rlam,rkap,malpha,voids,py,ny,
&
calp,xialp,dgdp,dfdp,dfdalp,dalp,hard,dpydev,dfdpy)
call getconstangent(streb,py,A,ldindx,K,G,dgdp,dgdss,
&
voids,rlam,rkap,dfdp,dfdss,dfdpy,Dc)

400

stress(1:4)=-streb(1:4)
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stran(1:4)=-stra(1:4)-dstra(1:4)
dstran(1:4)=-dstra(1:4)
ddsdde(1:4,1:4)=Dc(1:4,1:4)
voids=voids-(1+voids)*dev
c
c
c

update state variables
do k1=1,4
statv(k1)=statv(k1)+eelas1(k1)
statv(k1+4)=statv(k1+4)+eplas1(k1)
statv(k1+8)=statv(k1+8)+eplasb(k1)
statv(k1+12)=salpha(k1)
statv(k1+16)=dalp(k1)
statv(k1+20)=streb(k1)
statv(k1+24)=dfdsT(1,k1)
statv(k1+28)=dgds(k1,1)
end do

c
statv(33)=voids
statv(34)=py
statv(35)=bt
statv(36)=statv(36)+dwd
statv(37)=eta
statv(38)=malpha
statv(39)=M
statv(40)=theta
statv(41)=bs
statv(42)=statv(42)+dev
return
end

c XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
c--------------------------------------------------------------------subroutine getPQ(st,p,q,eta,ss)
c--------------------------------------------------------------------c
Calculate mean pressure, deviator stress, stress ratio
c--------------------------------------------------------------------implicit none
c
double precision,dimension(4),intent(in) :: st
double precision,intent(out) :: p
double precision,intent(out) :: q
double precision,intent(out) :: eta
double precision,dimension(4),intent(out) :: ss
double precision :: q1,q2
double precision :: R0,RP5,R1,R2,R3
c
integer k1
data R0,RP5,R1,R2,R3/
1
0.d0,0.5d0,1.d0,2.d0,3.d0/
c
p=(st(1)+st(2)+st(3))/R3
c
ss(1:3)=st(1:3)-p
ss(4)=st(4)
c
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q1=R0
do k1=1,3
q1=q1+ss(k1)*ss(k1)
end do
q2=R2*ss(4)*ss(4)
c
q=(R3/R2*(q1+q2))**RP5
eta=q/p
if (q<=R1/10000.d0) then
q = R1/10000.d0
end if
c
if (p<=R2/10000.d0) then
p = R2/10000.d0
q = R1/100000.d0
ss(1:4)= R1/100000.d0
eta=0.01d0
end if
return
end

c--------------------------------------------------------------------subroutine getD(dstra,ntens,des,dev)
c--------------------------------------------------------------------c
Compute the deviatoric and volumetric strain
c--------------------------------------------------------------------implicit none
c
double precision,dimension(4) :: dstra
double precision, intent(out) :: des
double precision, intent(out) :: dev
double precision :: R0,RP5,R1,R2,R3,R6,R9
c
integer :: ntens
data
1
R0,RP5,R1,R2,R3,R6,R9/
2
0.d0,0.5d0,1.d0,2.d0,3.d0,6.d0,9.d0/
c
dev=dstra(1)+dstra(2)+dstra(3)
dstra(4)=dstra(4)/R2
c
des=sqrt(R2/R9*((dstra(1)-dstra(2))**R2+
& (dstra(2)-dstra(3))**R2+(dstra(3)-dstra(1))**R2+
&
R6*(dstra(4)**R2)))
c
return
end
c--------------------------------------------------------------------subroutine getWD(p0,p1,q0,q1,des,dev,dwd)
c--------------------------------------------------------------------c
Compute the total workdone
c--------------------------------------------------------------------implicit none
double precision,intent(in) :: p0,p1,q0,q1,des,dev
double precision, intent(out) :: dwd
double precision :: p,q
c
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p=0.5d0*(p0+p1)
q=0.5d0*(q0+q1)
dwd=p*dev+q*des
c
return
end subroutine
c--------------------------------------------------------------------subroutine getDEB(dwd,wd,con,rxi,voids,rtheta,dstran,stre,
&
deb,devb,bt)
c--------------------------------------------------------------------c
Compute the breakage strain from plastic workdone
c--------------------------------------------------------------------implicit none
c
double precision,intent(in) :: dwd,wd,rxi,voids,rtheta
double precision,dimension(4),intent(in) :: stre
double precision,dimension(4),intent(in) :: dstran
double precision, intent(out) :: deb(4)
double precision, intent(out) :: devb
double precision,intent(inout) ::bt
c
double precision :: dbi
double precision :: dwddp,dwdds(4)
c
integer :: k1,con
c
dwdds(1:4)=stre(1:4)*dstran(1:4)
c
dwddp=dwdds(1)+dwdds(2)+dwdds(3)
c
if (dwddp.eq.0.d0) then
dwddp=1.d0
end if
c
dbi=rxi*con*wd**(con-1)*dwd
bt=bt+dbi
c
devb=rtheta/(1+voids)*dbi
c
deb(1)=devb*dwdds(1)/dwddp
deb(2)=devb*dwdds(2)/dwddp
deb(3)=devb*dwdds(3)/dwddp
deb(4)=devb*dwdds(4)/dwddp
c
return
end

c--------------------------------------------------------------------subroutine D_matrix(dfdsT,dgds,hard,De,dstra,ldindx,T1,ddsddet)
c--------------------------------------------------------------------c
perform matrix multiplication
c--------------------------------------------------------------------c
implicit none
c
c
Declare variables
c
double precision, dimension(1,4), intent(in) :: dfdsT
double precision, dimension(4,1), intent(in) :: dgds
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double precision, dimension(4,4), intent(in) :: De
double precision, dimension(4,1), intent(in) :: dstra
double precision, intent(in) :: hard
c
double precision, intent(out) :: ldindx
double precision, dimension(4,1), intent(out) :: T1
double precision, dimension(4,4), intent(out) :: ddsddet
c
double
double
double
double
double
double

precision,
precision,
precision,
precision,
precision,
precision,

dimension(4,4)
dimension(4,4)
dimension(1,4)
dimension(1,1)
dimension(1,1)
dimension(1,1)

:: T2
:: T3
:: T4
:: T5
:: T6
:: T7

c
integer k1,k2,hl
c
c
c

Calculate De * dgds
call matrix (4, 4, 1, De, dgds, T1)

c
c
c

Calculate T1 * dfdsT
call matrix (4, 1, 4, T1, dfdsT, T2)

c
c
c

Calculate T2 * De
call matrix (4, 4, 4, T2, De, T3)

c
c
c

Calculate dfdsT * De
call matrix (1, 4, 4, dfdsT, De, T4)

c
c
c

Calculate T4 * dgds
call matrix (1, 4, 1, T4, dgds, T5)

c
c
c

Calculate T4*deij
call matrix(1,4,1,T4,dstra,T7)

c
c
c

Calculate loading index
ldindx=T7(1,1)/(T5(1,1)+hard)

c
hl=1.d0
if (ldindx.lt.0.d0) ldindx=0.d0
if (ldindx.lt.0.d0) hl=0.d0
c
do k1=1,4
do k2=1,4
ddsddet(k1,k2)=hl* T3(k1,k2)/(T5(1,1)+hard)
end do
end do
c
return
end subroutine

c--------------------------------------------------------------------subroutine gethard(s,salpha,rlam,rkap,malpha,voids,py,ny,
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&
calp,xialp,dgdp,dfdp,dfdalp,dalp,hard,dpydev,dfdpy)
c--------------------------------------------------------------------c Compute hardening modulus
c--------------------------------------------------------------------implicit none
double precision, dimension(4), intent(in) :: s
double precision, dimension(4), intent(in) :: salpha
double precision, intent(in) :: rlam
double precision, intent(in) :: rkap
double precision, intent(in) :: malpha
double precision, intent(in) :: voids
double precision, intent(in) :: py
double precision, intent(in) :: ny
double precision, intent(in) :: calp
double precision, intent(in) :: xialp
double precision, intent(in) :: dgdp,dfdp
c
double precision, dimension(4), intent(out) :: dalp
double precision, dimension(4), intent(out) :: dfdalp
double precision, intent(out) :: hard
double precision, intent(out) :: dfdpy
double precision, intent(out) :: dpydev
c
double precision :: p
double precision :: q
double precision :: eta
double precision, dimension(4) :: ss
double precision :: harda
double precision :: hardb
double precision, dimension(4):: delta
double precision :: R0,RP5,R1,R2,R3
c
integer k1
data
1
R0,RP5,R1,R2,R3/
2
0.d0,0.5d0,1.d0,2.d0,3.d0/
c
data delta/1.0d0,1.0d0,1.0d0,0.0d0/
c
c

c

call getPQ(s,p,q,eta,ss)
Calculate dfdpy,dpydev
dfdpy= -malpha**R2*RP5*p*(p/py)**(R1+RP5)
dpydev= (1 + voids)*py/(rlam-rkap)
harda = -dpydev*(dfdpy*dgdp)
Calculate df/dalphaij and dalphaij
dfdalp(1:3)=-R3*p*(ss(1:3)-salpha(1:3)*p)
dfdalp(4)=-R2*R3*p*(ss(4)-salpha(4)*p)
dalp(1:4)=(1+voids)/(rlam-rkap)*abs(dgdp)*calp/py*(ss(1:4)1
xialp*p*salpha(1:4))

c
hardb=R0
do k1=1,4
hardb=hardb+dfdalp(k1)*dalp(k1)
end do
c
hard=harda+hardb
c
return
end subroutine
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c--------------------------------------------------------------------subroutine m_cal (Mcs, theta, m)
c--------------------------------------------------------------------c
Subroutine for calculating the value of critical state M along
c
lode angle
c--------------------------------------------------------------------c
implicit none
double precision, intent(in) :: Mcs
double precision, intent(in) :: theta
double precision, intent(out) :: m
double precision :: L
double precision :: R0,RP5,R1,R2,R3,R4
data
1
R0,RP5,R1,R2,R3,R4/
2
0.d0,0.5d0,1.d0,2.d0,3.d0,4.d0/
c
L=0.96/1.41
m = Mcs*(R2*L**R4/(1.d0+L**R4+
1
(R1-L**R4)*sin(R3*theta)))**(R1/R4)
c
return
end subroutine
c--------------------------------------------------------------------subroutine eigenval (gs,ps)
c--------------------------------------------------------------------c
Subroutine for calculating the principal stress values
c--------------------------------------------------------------------implicit none
integer i,j,k,l,n,max
parameter (n=3,max=200)
double precision gs(n,n),ps(n),a(n,n)
double precision :: R0,RP5,R1,R2
double precision :: c,p,q,s,sn,t,ta
double precision :: th,tc,d(max),z(max)
data
1
R0,RP5,R1,R2/
2
0.d0,0.5d0,1.d0,2.d0/
C

initialise values for variables
do i=1,n
do j=1,n
a(i,l)=R0
end do
a(i,i)=R1
d(i)=gs(i,i)
ps(i)=d(i)
z(i)=R0
end do

C

Iteration to solve Jacobian
do i=1,100
sn=R0
do k=1,n-1
do l=k+1,n
sn=sn+abs(gs(k,l))
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end do
end do
if(sn.eq.R0)return
if(i.gt.4)then
tc=R0
else
tc=0.2*sn/n**R2
endif
do k=1,n-1
do l=k+1,n
p=100.*abs(gs(k,l))
1

if((i.gt.4).and.(abs(ps(k))+p.eq.abs(ps(k))).and.
(abs(ps(l))+p.eq.abs(ps(l)))) then
gs(k,l)=R0
else if(abs(gs(k,l)).gt.tc)then
q=ps(l)-ps(k)
if(abs(q)+p.eq.abs(q))then
t=gs(k,l)/q
else
th=RP5*q/gs(k,l)
t=1./(abs(th)+sqrt(1.+th**R2))
if(th.lt.R0)t=-t
endif
c=R1/sqrt(R1+t**R2)
s=t*c
ta=s/(R1+c)
q=t*gs(k,l)
z(k)=z(k)-q
z(l)=z(l)+q
ps(k)=ps(k)-q
ps(l)=ps(l)+q
gs(k,l)=R0
do j=1,k-1
p=gs(j,k)
q=gs(j,l)
gs(j,k)=p-s*(q+p*ta)
gs(j,l)=q+s*(p-q*ta)
end do
do j=k+1,l-1
p=gs(k,j)
q=gs(j,l)
gs(k,j)=p-s*(q+p*ta)
gs(j,l)=q+s*(p-q*ta)
end do
do j=l+1,n
p=gs(k,j)
q=gs(l,j)
gs(k,j)=p-s*(q+p*ta)
gs(l,j)=q+s*(p-q*ta)
end do
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do j=1,n
p=a(j,k)
q=a(j,l)
a(j,k)=p-s*(q+p*ta)
a(j,l)=q+s*(p-q*ta)
end do
endif
end do
end do
c
do k=1,n
d(k)=d(k)+z(k)
ps(k)=d(k)
z(k)=R0
end do
end do
c
1
c

pause 'many iterations in finding principal stresses. code
terminated'
return
end subroutine

c--------------------------------------------------------------------subroutine matrix (xi, xj, xk, A, B, C)
c--------------------------------------------------------------------c
Subroutine for calculation of matrix multiplication
c--------------------------------------------------------------------implicit none
c
c
Define the matrices A, B and C
c
integer, intent(in) :: xi
integer, intent(in) :: xj
integer, intent(in) :: xk
double precision, dimension(xi,xj), intent(in) :: A
double precision, dimension(xj,xk), intent(in) :: B
c
double precision, dimension(xi,xk), intent(out) :: C
c
integer :: k1,k2,k3
c
c
Calculate the matrix C
c
do k1=1,xi
do k2=1,xk
C(k1,k2) = 0.d0
do k3=1,xj
C(k1,k2) = C(k1,k2) + A(k1,k3) * B(k3,k2)
end do
end do
end do
c
return
end subroutine
c--------------------------------------------------------------------c
Compute alpha from salpha
c--------------------------------------------------------------------subroutine getalpha(salpha,alpha)
c---------------------------------------------------------------------
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implicit none
c
c

define the variables
double precision, dimension(4),intent(in) :: salpha
double precision, intent(out) :: alpha
double precision :: salph1,salph2
double precision ::R0,RP5,R1,R2,R3
integer :: k1
data
1
R0,RP5,R1,R2,R3/
2
0.d0,0.5d0,1.d0,2.d0,3.d0/

c
salph1=R0
do k1=1,3
salph1=salph1+salpha(k1)*salpha(k1)
end do
c
salph2=R2*salpha(4)*salpha(4)
c
alpha=(R3/R2*(salph1+salph2))**RP5
c
return
end
c--------------------------------------------------------------------subroutine getdfdsT(s,salpha,malpha,py,ny,dfdsT,dfdss,dfdp)
c--------------------------------------------------------------------c
subroutine to estimate the derivative of yield surface
c--------------------------------------------------------------------implicit none
c
double precision, dimension(4),intent(in)::s
double precision, dimension(4),intent(in)::salpha
double precision, intent(in)::malpha
double precision, intent(in)::py
double precision, intent(in)::ny
c
double precision, dimension(1,4),intent(out)::dfdsT
double precision, dimension(4),intent(out)::dfdss
double precision, intent(out)::dfdp
c
double precision :: p,q,eta,ss(4),delta(4)
double precision :: q1,alpha
double precision :: R0,RP5,R1,R2,R3
c
integer :: k1
data
1
R0,RP5,R1,R2,R3/
2
0.d0,0.5d0,1.d0,2.d0,3.d0/
data delta/1.d0,1.d0,1.d0,0.d0/
c
call getPQ(s,p,q,eta,ss)
call getalpha(salpha,alpha)
c
q1=R0
do k1=1,4
q1=q1+salpha(k1)*(ss(k1)-p*salpha(k1))
end do
q1= q1+R2*R2*salpha(4)*(ss(4)-p*salpha(4))
c
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dfdss(1:4)=R3*(ss(1:4)-p*salpha(1:4))
c
1

dfdp=-R3*q1-R2*malpha**R2*p+
(R2+RP5)*malpha**R2*p*(p/py)**RP5;

c
dfdsT(1,1:4)=dfdss(1:4)+1/R3*dfdp*delta(1:4)
c
return
end subroutine
c--------------------------------------------------------------------subroutine getdgds(s,Mcs,A,kg,rlam,rkap,rtheta,rgamma,bt,voids,
&
dgds,dgdss,dgdp,chi)
c--------------------------------------------------------------------c
Subroutine to estimate the plastic potential
c--------------------------------------------------------------------implicit none
c
double precision, dimension(4,1),intent(in)::s
double precision, intent(in)::Mcs
double precision, intent(in)::A
double precision, intent(in)::kg
double precision, intent(in)::rlam
double precision, intent(in)::rkap
double precision, intent(in)::rtheta
double precision, intent(in)::rgamma
double precision, intent(in)::bt
double precision, intent(in)::voids
c
double precision, dimension(4,1),intent(out)::dgds,dgdss
double precision, intent(out)::dgdp
double precision, intent(out)::chi
c
double precision :: q,p,ss(4),eta,dpds(4),dqds(4),d,dgdq
double precision :: gamma,voidcs,delta(4),h,theta,M,t
double precision :: R0,RP5,R1,R2,R3
data
1
2

R0,RP5,R1,R2,R3/
0.d0,0.5d0,1.d0,2.d0,3.d0/
data delta/1.d0,1.d0,1.d0,0.d0/
call getPQ(s,p,q,eta,ss)
gamma=rgamma-rtheta*bt ! current specific void ratio
voidcs=gamma-rlam*log(p) !critical state void ratio
chi=voids-voidcs
!state parameter
call theta_cal(s,theta)
call m_cal (Mcs, theta, m)
if (s(4,1).gt.0.do) then
t=-1.0
else
t= 1.0
end if
d=A*t*(M*exp(kg*chi)-eta)
dgdp=d
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dgdq=R1
ss(4)=R2*ss(4)
dqds(1:4) = R3/R2/q*ss(1:4)
dgdss(1:4,1)=dgdq*dqds(1:4)
dgds(1:4,1)=dgdp*delta(1:4)/R3+dgdq*dqds(1:4)
return
end subroutine

c--------------------------------------------------------------------subroutine yieldf(streb,salpha,m,py,ny,fb)
c--------------------------------------------------------------------implicit none
double precision :: streb(4),salpha(4),m,py,ny,fb,a(3,3),qbar
double precision :: p,q,eta,ss(4),q1,alpha
double precision :: R0,RP5,R1,R2,R3
integer ::k1
data
1
R0,RP5,R1,R2,R3/
2
0.d0,0.5d0,1.d0,2.d0,3.d0/
call getPQ(streb,p,q,eta,ss)
call getalpha(salpha,alpha)
q1=R0
do k1=1,3
q1=q1+(ss(k1)-salpha(k1)*p)**R2
end do
q1=q1+R2*(ss(4)-salpha(4)*p)**R2
qbar=(R3/R2*q1)**RP5
fb=(qbar)**R2-(m*p)**R2*(1-(p/py)**RP5)
return
end subroutine
c--------------------------------------------------------------------subroutine getdstress(voids,rkap,enu,p,dstra0,bk,G,dstress,
&
ddsdde)
c--------------------------------------------------------------------implicit none
c--------------------------------------------------------------------double precision, intent(in) :: voids
double precision, intent(in) :: rkap
double precision, intent(in) :: enu
double precision, intent(in) :: p
double precision, dimension(4), intent(in) :: dstra0
double precision, intent(out) :: bk,G
double
double
double
double

precision, dimension(4,4), intent(out) :: ddsdde
precision, dimension(4), intent(out) :: dstress
precision :: pm
precision :: R0,RP5,R1,R2,R3,R4

integer k1, k2
data
1
R0,RP5,R1,R2,R3,R4/
2
0.d0,0.5d0,1.d0,2.d0,3.d0,4.d0/
c
c
c

check pressure is zero or negative
if (p.lt.25.d0) then
pm=25.d0
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else
pm=p
end if
c

estimate bulk and shear modulus
bk=(R1+voids)*pm/rkap
G=bk*R3/R2*(R1-R2*enu)/(R1+enu)
ddsdde(1:4,1:4)=R0
dstress(1:4)=R0

c
c
c

c
c

Set elastic matrix
do k1=1,3
do k2=1,3
ddsdde(k1,k2)=(R3*bk-R2*G)/R3
end do
ddsdde(k1,k1)=(R3*bk+R4*G)/R3
end do
Assign shear component
ddsdde(4,4)=G
Calculate trail stress
do k1=1,4
do k2=1,4
dstress(k1)=dstress(k1)+ddsdde(k1,k2)*dstra0(k2)
end do
end do

c
return
end subroutine
c--------------------------------------------------------------------subroutine newstress(dstress,strea,streb)
c--------------------------------------------------------------------implicit none
double precision, dimension(4),intent(in) :: dstress
double precision, dimension(4),intent(in) :: strea
double precision, dimension(4),intent(out):: streb
integer :: k1
do k1=1,4
streb(k1)=strea(k1)+dstress(k1)
end do
return
end subroutine
c--------------------------------------------------------------------subroutine getelast(newdstress,ddsdde,elast0)
c--------------------------------------------------------------------implicit none
double
double
double
double

precision,
precision,
precision,
precision,

dimension(4),intent(in) :: newdstress
dimension(4,4),intent(in) :: ddsdde
dimension(4),intent(out):: elast0
dimension(4,4) :: ce

integer :: k1,k2
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call inverse4(ddsdde,ce,4)
do k1=1,4
elast0(k1)=0.d0
do k2=1,4
elast0(k1)=elast0(k1)+ce(k1,k2)*newdstress(k2)
end do
end do
return
end subroutine
c--------------------------------------------------------------------subroutine updateaniso(ldindx,deltaT,drot,dalp,salpha)
c--------------------------------------------------------------------implicit none
double
double
double
double
double

precision,
precision,
precision,
precision,
precision,

intent(in) :: ldindx
intent(in) :: deltaT
dimension(4,1),intent(in) :: dalp
dimension(3,3),intent(in) :: drot
dimension(4),intent(inout) :: salpha

double precision, dimension(4) :: delsal
double precision, dimension(4) :: salph0
double precision, dimension(6) :: salph1
delsal(1:4)=ldindx*deltaT*dalp(1:4,1)
salph0(1:4)=salpha(1:4)+delsal(1:4)
salph1(1:4)=salph0(1:4)
salph1(5)=0.d0
salph1(6)=0.d0
c
c
c

rotate the salpha based on material rotation
call rotsig(salph1,drot,salpha,1,3,3)

c
return
end subroutine
c--------------------------------------------------------------------subroutine getmod(str,norm)
c--------------------------------------------------------------------implicit none
double precision, dimension(4), intent(in) :: str
double precision, intent(out) :: norm
double precision :: q1,q2
integer k1,k2
q1=0.d0
do k1=1,4
q1=q1+str(k1)*str(k1)
end do
norm=q1**0.5d0
return
end subroutine
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c--------------------------------------------------------------------Subroutine inverse4(a,b,n1)
c--------------------------------------------------------------------double precision, dimension(4,4),intent(in)::a
double precision, dimension(4,4),intent(out)::b
integer k1,k2,k3
double precision :: P
data R0,R1/0.d0,1.d0/
C
do 10 k1=1,4
do 10 k2=1,4
b(k1,k2)=a(k1,k2)
10
continue
do 20 k3=1,4
P=b(k3,k3)
b(k3,k3)=R1
do 30 k2=1,4
b(k3,k2)=b(k3,k2)/P
30
continue
do 20 k1=1,4
if(k1 .EQ. k3) go to 10
P=b(k1,k3)
b(k1,k3)=R0
do 40 k2=1,4
b(k1,k2)=b(k1,k2)-b(k3,k2)*P
40
continue
20
continue
return
end subroutine
c--------------------------------------------------------------------subroutine inverse7(a,b,n1)
c--------------------------------------------------------------------double precision, dimension(7,7),intent(in)::a
double precision, dimension(7,7),intent(out)::b
integer k1,k2,k3
double precision :: P
data R0,R1/0.d0,1.d0/
C
do 10 k1=1,7
do 10 k2=1,7
b(k1,k2)=a(k1,k2)
10
continue
do 20 k3=1,7
P=b(k3,k3)
b(k3,k3)=R1
do 30 k2=1,7
b(k3,k2)=b(k3,k2)/P
30
continue
do 20 k1=1,7
if(k1 .EQ. k3) go to 10
P=b(k1,k3)
b(k1,k3)=R0
do 40 k2=1,7
b(k1,k2)=b(k1,k2)-b(k3,k2)*P
40
continue
20
continue
return
end subroutine
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c--------------------------------------------------------------------subroutine inverse16(a,b,n1)
c--------------------------------------------------------------------double precision, dimension(16,16),intent(in)::a
double precision, dimension(16,16),intent(out)::b
integer k1,k2,k3
double precision :: p
data R0,R1/0.d0,1.d0/
C
do 10 k1=1,16
do 10 k2=1,16
b(k1,k2)=a(k1,k2)
10
continue
do 20 k3=1,16
P=b(k3,k3)
b(k3,k3)=R1
do 30 k2=1,16
b(k3,k2)=b(k3,k2)/P
30
continue
do 20 k1=1,16
if(k1 .EQ. k3) go to 10
P=b(k1,k3)
b(k1,k3)=R0
do 40 k2=1,16
b(k1,k2)=b(k1,k2)-b(k3,k2)*P
40
continue
20
continue
return
end subroutine
c--------------------------------------------------------------------subroutine getjacobian(sT,s,salpha,malpha,ny,pyT,py,
&
ldindx,K,G,dpydev,A,dgdp,dfdp,dfdss,dfdpy,
&
dfdalp,dalp,voids,rlam,rkap,calp,xialp,Jra)
c--------------------------------------------------------------------implicit none
double precision, dimension(4),intent(in) :: sT,s
double precision, dimension(4),intent(in) :: salpha
double precision, intent(in) :: malpha,ny
double precision, intent(in) :: pyT,py
double precision, intent(in) :: rlam,rkap,voids
double precision, intent(in) :: ldindx
double precision, intent(in) :: K,G,dpydev,A
double precision, intent(in) ::
dgdp,dfdp,dfdss(4),dfdalp(4),dfdpy
double precision, intent(in) :: calp,xialp,dalp(4)
double precision, dimension(16,16),intent(out) :: Jra
double
double
double
double

precision
precision
precision
precision

::
::
::
::

pT,qT,ssT(4),etaT,p,q,ss(4),eta,alpha
delta(4),FOID(4,4)
q1,q2,exp
R0,RP5,R1,R2,R3,R4

integer ::k1
data
1
R0,RP5,R1,R2,R3,R4/
2
0.d0,0.5d0,1.d0,2.d0,3.d0,4.d0/
data delta/1.d0,1.d0,1.d0,0.d0/
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data exp/2.7182818284590452353602874713527d0/
data FOID/
1
1.d0,0.d0,0.d0,0.d0,
2
0.d0,1.d0,0.d0,0.d0,
3
0.d0,0.d0,1.d0,0.d0,
4
0.d0,0.d0,0.d0,0.5d0/
call getPQ(sT,pT,qT,etaT,ssT)
call getPQ(s,p,q,eta,ss)
ssT(4)=R2*ssT(4)
ss(4)=R2*ss(4)
call getalpha(salpha,alpha)
c derivative with respect to p(n+1)
Jra(1,1)=R1
Jra(1,2)=K
Jra(1,3:16)=R0
c derivative with respect to ev(n+1)
Jra(2,1)=-ldindx*A*etaT/pT
Jra(2,2)=R1
Jra(2,3:6)=ldindx*A*R3/R2*ssT(1:4)/pT/qT
Jra(2,7:10)=R0
Jra(2,11)=R0
Jra(2,12:15)=R0
Jra(2,16)=-dgdp
c derivative with respect to ss(n+1)
Jra(3:6,1:2)=R0
Jra(3:6,3:6)=FOID(1:4,1:4)
Jra(3:6,7:10)=R2*G*FOID(1:4,1:4)
Jra(3:6,11:16)=R0
c derivative with respect to es(n+1)
Jra(7:10,1:2)=R0
Jra(7:10,3:6)=R0
Jra(7:10,7:10)= FOID(1:4,1:4)
Jra(7:10,11)=R0
Jra(7:10,12:15)=R0
Jra(7:10,16)=-R3/R2*ssT(1:4)/qT
c derivative with respect to py(n+1)
Jra(11,1)=R0
Jra(11,2)=-py*(1+voids)/(rlam-rkap)*
1
exp**((1+voids)/(rlam-rkap)*ldindx*dgdp)
Jra(11,3:6)=R0
Jra(11,7:10)=R0
Jra(11,11)=R1
Jra(11,12:16)=R0
c derivative with respect to ay(n+1)
Jra(12:15,1)=-ldindx*abs(dgdp)*(1+voids)/(rlam-rkap)*calp/pyT*
1
(-xialp*salpha(1:4))
Jra(12:15,2)=R0
Jra(12:15,3:6)=-ldindx*abs(dgdp)*(1+voids)/(rlam-rkap)*calp/pyT*
1
FOID(1:4,1:4)
Jra(12:15,7:10)=R0
Jra(12:15,11)=ldindx*abs(dgdp)*(1+voids)/(rlam-rkap)*
1
calp/pyT**R2*(ssT(1:4)-xialp*salpha(1:4)*pT)
Jra(12:15,12:15)=FOID(1:4,1:4)
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Jra(12:15,16)=-dalp(1:4)
c derivative with respect to ldindx(n+1)
Jra(16,1)=dfdp
Jra(16,2)=R0
Jra(16,3:6)=dfdss(1:4)
Jra(16,7:10)=R0
Jra(16,11)=dfdpy
Jra(16,12:15)=dfdalp(1:4)
Jra(16,16)=R0
c
return
end subroutine
c--------------------------------------------------------------------subroutine getl2norm(r,n,mod)
c--------------------------------------------------------------------implicit none
integer k1,n
double precision, dimension(16), intent(in) :: r
double precision, intent(out) :: mod
double precision :: q1
q1=0.d0
do k1=1,16
q1=q1+r(k1)*r(k1)
end do
mod=q1**0.5d0
return
end subroutine
c--------------------------------------------------------------------subroutine getmalphap(s,salpha,alpha,mcs,la,lb,malpha)
c--------------------------------------------------------------------c
Estimate Malpha based on shadow projection algorithm
c--------------------------------------------------------------------implicit none
c
double precision, dimension(4), intent(in) :: s
double precision, dimension(4), intent(in) :: salpha
double precision, intent(in) :: alpha
double precision, intent(in) :: mcs
double precision, intent(in) :: la
double precision, intent(in) :: lb
c
double precision, intent(out) :: malpha
c
double precision :: temp1,temp2,etaalp,h
double precision :: theta(360)
double precision :: thetaalp
double precision :: Mx(360),My(360)
double precision :: Malpx(360),Malpy(360),w(360)
double precision :: m(360),Malp(360),talp(360)
double precision :: PI, xlen(360),ylen(360)
double precision :: laa
double precision,dimension(1,1) :: k
double
double
double
double

precision,
precision,
precision,
precision,

dimension(1,4)
dimension(4,1)
dimension(4,1)
dimension(4,4)
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::
::
::
::

L
PL
alpMxy
ML1,ML2

double precision, dimension(4,1) :: RP
double precision :: R0,RP5,R1,R2,R3,R6,R11
integer k1,k2,k3
data
1
2

R0,RP5,R1,R2,R3,R6,R11/
0.d0,0.5d0,1.d0,2.d0,3.d0,6.d0,11.d0/

PI=atan(R1)*4.d0
c estimate the position of m in the reference frame
call thetabar_cal(s,salpha,thetaalp)
c
do k1=1,360
theta(k1)=(k1-1)*PI
call m_cal (Mcs, theta(k1), m(k1))
mx(k1)=m(k1)*sin(theta(k1)-R11/R6*PI)
my(k1)=m(k1)*cos(theta(k1)-R11/R6*PI)
c estimate the position of light source
L(1,1)=la*alpha*cos(thetaalp)
L(1,2)=la*alpha*sin(thetaalp)
L(1,3)=-la
L(1,4)=R1
c estimate the position of projected plane
PL(1,1)=R0
PL(2,1)=R0
PL(3,1)=R1
PL(4,1)=-lb
c
call matrix(1,4,1,L,PL,k)
c
do k2=1,4
do k3=1,4
ML1(k2,k3)=L(1,k2)*PL(k3,1)
end do
ML1(k2,k2)=ML1(k2,k2)-k(1,1)
end do
c
do k2=1,4
do k3=1,4
ML2(k2,k3)=ML1(k3,K2)
end do
end do
RP(1,1)
RP(2,1)
RP(3,1)
RP(4,1)

=
=
=
=

Mx(k1)
My(k1)
R0
R1

c
call matrix(4,4,1,ML1,RP,alpMxy)
w(k1)=alpMxy(4,1)
Malpx(k1)=alpMxy(1,1)/w(k1)
Malpy(k1)=alpMxy(2,1)/w(k1)
Malp(k1)=(Malpx(k1)**R2+Malpy(k1)**R2)**RP5
talp(k1)=acos(Malpy(k1)/Malp(k1))
if (Mx(k1).gt.R0) then
talp(k1)=talp(k1)+R11/R6*PI
else
talp(k1)=R2*PI-talp(k1)+R11/R6*PI
end if
end do
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do k1=1,360
if (talp(k1).ge.R2*PI) then
talp(k1)=talp(k1)-R2*PI
else
talp(k1)=talp(k1)
end if
end do
do k1=1,360
if ((thetaalp.gt.talp(k1)).and.(thetaalp.le.talp(k1+1))) then
Malpha=Malp(k1)+
1
(Malp(k1+1)-malp(k1))/(talp(k1+1)-talp(k1))*(thetaalptalp(k1))
goto 50
else
Malpha=Malp(1)
end if
end do
c
50
return
end subroutine
c--------------------------------------------------------------------subroutine thetabar_cal(e, salpha, thetabar)
c--------------------------------------------------------------------c
Subroutine for calculating the thetabar
c--------------------------------------------------------------------c
implicit none
c
c
Define the nature of the variables
c
double precision, dimension(4,1), intent(in) :: e
double precision, dimension(4,1), intent(in) :: salpha
c
double precision, intent(out) :: thetabar
c
double precision :: p
double precision :: detSbar
double precision :: lodebar
double precision :: qbar
double precision, dimension(3) :: ps
double precision :: x,y
double precision, dimension(3,3) :: a
double precision :: R0,RP5,R1,R2,R3,R4,R5,R6,R7,R11
data
1
R0,RP5,R1,R2,R3,R4,R5,R6,R7,R11/
2
0.d0,0.5d0,1.d0,2.d0,3.d0,4.d0,5.d0,6.d0,7.d0,11.d0/
c
c
Assign values to matrix a
c
p=(e(1,1)+e(2,1)+e(3,1))/R3
a(1,1)
a(2,2)
a(3,3)
a(1,2)
a(1,3)
a(2,1)
a(2,3)

=
=
=
=
=
=
=

e(1,1)-salpha(1,1)*p
e(2,1)-salpha(2,1)*p
e(3,1)-salpha(3,1)*p
e(4,1)-salpha(4,1)*p
R0
e(4,1)-salpha(4,1)*p
R0
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a(3,1) = R0
a(3,2) = R0
c Calculate qbar
qbar=(R3/R2*((a(1,1)-p)**R2+(a(2,2)-p)**R2+
1
(a(3,3)-p)**R2+ R2*(a(1,2)**R2+a(2,3)**R2+
2
a(1,3)**R2)))**RP5
c For the case where qbar = 0
if (qbar.le.R1/10000.d0) then
thetabar = R11/R6*dacos(-R1)
end if
c For the case where q not equal to 0
if (qbar.gt.R1/10000.d0) then
c Calculate the value of detS
detSbar = (a(1,1)-p)*(a(2,2)-p)*(a(3,3)-p)
1
+R2*a(1,2)*a(2,3)*a(1,3)
2
-(a(2,2)-p)*a(1,3)**R2
3
-(a(1,1)-p)*a(2,3)**R2
4
-(a(3,3)-p)*a(1,2)**R2
c Calculate the lode angle
x = R3**R3/R2*detSbar/qbar**R3
y = abs(x)
if (y.ge.R1) x = (R1-1.d-8)*x/abs(x)
lodebar = -R1/R3*dasin(x)
c Compute the principal stresses
call eigenval (a,ps)
c Determine the angle theta
c
c For the case when ps(1) is the largest
if ((ps(1).gt.ps(2)).and.(ps(1).gt.ps(3))) then
c If ps(2) not equals ps(3)
if (abs(ps(3)-ps(2)).ge.R1/1000.d0) then
if (ps(2).gt.ps(3)) thetabar = R4/R3*acos(R1)+lodebar
if (ps(3).gt.ps(2)) thetabar = acos(-R1)-lodebar
else
c If ps(2) equals ps(3)
thetabar = R7/R6*acos(-R1)
end if
end if
c
c For the case when ps(2) is the largest
if ((ps(2).gt.ps(1)).and.(ps(2).gt.ps(3))) then
c If pe(1) not equals pe(3)
if (abs(ps(3)-ps(1)).ge.R1/1000.d0) then
if (ps(1).gt.ps(3)) thetabar = R5/R3*acos(-R1)lodebar
if (ps(3).gt.ps(1)) thetabar = lodebar
else
c If pe(1) equals pe(3)
thetabar = R11/R6*acos(-R1)
end if
end if
c
c For the case when ps(3) is the largest
if ((ps(3).gt.ps(1)).and.(ps(3).gt.ps(2))) then
c If pe(1) not equals to pe(2)
if (abs(ps(2)-ps(1)).ge.R1/1000.d0) then
if (ps(1).gt.ps(2)) thetabar = R2/R3*acos(R1)+lodebar
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if (ps(2).gt.ps(1)) thetabar = R1/R3*acos(-R1)lodebar
else
c If pe(1) equals pe(2)
thetabar = R1/R2*acos(-R1)
end if
end if
c
c
For the case when ps(1) and ps(2) are the largest
if ((abs(ps(1)-ps(2)).lt.R1/1000.d0).and.(ps(1).gt.ps(3)))
then
thetabar=R3/R2*acos(-R1)
end if
c
For the case when ps(2) and ps(3) are the largest
if ((abs(ps(2)-ps(3)).lt.R1/1000.d0).and.(ps(2).gt.ps(1)))
then
thetabar=R1/R6*acos(-R1)
end if
c
For the case when ps(1) and ps(3) are the largest
if ((abs(ps(1)-ps(3)).lt.R1/1000.d0).and.(ps(1).gt.ps(2)))
then
thetabar=R5/R6*acos(-R1)
end if
end if
c
return
end subroutine
c--------------------------------------------------------------------subroutine theta_cal(e,theta)
c--------------------------------------------------------------------c
Subroutine for calculating the angle theta
c
implicit none
double precision, dimension(4,1), intent(in) :: e
double precision, intent(out) :: theta
double precision :: p
double precision :: q
double precision :: detS
double precision :: lode
double precision, dimension(3) :: ps
double precision :: x,y
double precision, dimension(3,3) :: a
double precision, dimension(3,3) :: v
double precision :: R0,RP5,R1,R2,R3,R4,R5,R6,R7,R11
data
1
R0,RP5,R1,R2,R3,R4,R5,R6,R7,R11/
2
0.d0,0.5d0,1.d0,2.d0,3.d0,4.d0,5.d0,6.d0,7.d0,11.d0/
c
c
Assign values to matrix a
c
a(1,1) = e(1,1)
a(2,2) = e(2,1)
a(3,3) = e(3,1)
a(1,2) = e(4,1)
a(1,3) = R0
a(2,1) = e(4,1)
a(2,3) = R0
a(3,1) = R0
a(3,2) = R0
c
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c

c
c
c

c
c
c

c

p=(a(1,1)+a(2,2)+a(3,3))/R3
Calculate qbar
q=(R3/R2*((a(1,1)-p)**R2+(a(2,2)-p)**R2+
1
(a(3,3)-p)**R2+ R2*(a(1,2)**R2+ a(2,3)**R2+
2
a(1,3)**R2)))**RP5
For the case where qbar = 0
if (q.le.R1/10000.d0) theta = R11/R6*dacos(-R1)
For the case where q not equal to 0
if (q.gt.R1/10000.d0) then
Calculate the value of detS
detS = (a(1,1)-p)*(a(2,2)-p)*(a(3,3)-p)
1
+R2*a(1,2)*a(2,3)*a(1,3)
2
-(a(2,2)-p)*a(1,3)**R2
3
-(a(1,1)-p)*a(2,3)**R2
4
-(a(3,3)-p)*a(1,2)**R2
Calculate the lode angle
x = R3**R3/R2*detS/q**R3
y = abs(x)
if (y.ge.R1) x = (R1-1.d-8)*x/abs(x)
lode = -R1/R3*dasin(x)
compute the principal stresses
call eigenval (a,ps)

c
c Determine the angle theta
c
c For the case when ps(1) is the largest
if ((ps(1).gt.ps(2)).and.(ps(1).gt.ps(3))) then
c If ps(2) not equals ps(3)
if (abs(ps(3)-ps(2)).ge.R1/1000.d0) then
if (ps(2).gt.ps(3)) theta = R4/R3*acos(-R1)+lode
if (ps(3).gt.ps(2)) theta = acos(-R1)-lode
else
c If ps(2) equals ps(3)
theta = R7/R6*acos(-R1)
end if
end if
c
c For the case when ps(2) is the largest
if ((ps(2).gt.ps(1)).and.(ps(2).gt.ps(3))) then
c If pe(1) not equals pe(3)
if (abs(ps(3)-ps(1)).ge.R1/1000.d0) then
if (ps(1).gt.ps(3)) theta = R5/R3*acos(-R1)-lode
if (ps(3).gt.ps(1)) theta = lode
else
c If pe(1) equals pe(3)
theta = R11/R6*acos(-R1)
end if
end if
c
c For the case when ps(3) is the largest
if ((ps(3).gt.ps(1)).and.(ps(3).gt.ps(2))) then
c If pe(1) not equals to pe(2)
if (abs(ps(2)-ps(1)).ge.R1/1000.d0) then
if (ps(1).gt.ps(2)) theta = R2/R3*acos(-R1)+lode
if (ps(2).gt.ps(1)) theta = R1/R3*acos(-R1)-lode
else
c If pe(1) equals pe(2)
theta = R1/R2*acos(-R1)

219

end if
end if
c
c

For the case when ps(1) and ps(2) are the largest
if ((abs(ps(1)-ps(2)).lt.R1/1000.d0).and.(ps(1).gt.ps(3)))

then
c

theta=R3/R2*acos(-R1)
end if
For the case when ps(2) and ps(3) are the largest
if ((abs(ps(2)-ps(3)).lt.R1/1000.d0).and.(ps(2).gt.ps(1)))

then
c

theta=R1/R6*acos(-R1)
end if
For the case when ps(1) and ps(3) are the largest
if ((abs(ps(1)-ps(3)).lt.R1/1000.d0).and.(ps(1).gt.ps(2)))

then
theta=R5/R6*acos(-R1)
end if
c
end if
c
return
end subroutine
c--------------------------------------------------------------------subroutine getconstangent(s,py,A,ldindx,K,G,dgdp,dgdss,
&
voids,rlam,rkap,dfdp,dfdss,dfdpy,Dc)
c--------------------------------------------------------------------implicit none
double
double
double
double
double
double
double

precision,
precision,
precision,
precision,
precision,
precision,
precision,

dimension(4),intent(in) :: s
intent(in) :: py
intent(in) :: A,voids,rlam,rkap
intent(in) :: ldindx
intent(in) :: K,G
intent(in) :: dgdp,dgdss(4)
intent(in) :: dfdp,dfdss(4),dfdpy

double precision, dimension(4,4),intent(out) :: Dc
double precision :: p,q,ss(4),eta
double precision :: FOID(4,4),SOID(4)
double precision :: Id(4,4)
double precision :: M(7,4),Jc(7,7),inJc(7,7),dev(7,4)
double precision :: gamm
double precision :: R0,RP5,R1,R2,R3
integer ::k1,k2,k3
data
1
R0,RP5,R1,R2,R3/
2
0.d0,0.5d0,1.d0,2.d0,3.d0/
data SOID/1.d0,1.d0,1.d0,0.d0/
data FOID/
1
1.d0,0.d0,0.d0,0.d0,
2
0.d0,1.d0,0.d0,0.d0,
3
0.d0,0.d0,1.d0,0.d0,
4
0.d0,0.d0,0.d0,0.5d0/
call getPQ(s,p,q,eta,ss)
ss(4)=R2*ss(4)
do k1=1,4
do k2=1,4
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Id(k1,k2)=FOID(k1,k2)-R1/R3*SOID(k1)*SOID(k2)
end do
end do
c estimate the matrix dsigdv
gamm=(R1+voids)/(rlam-rkap)
Jc(1,1)=R1+K*ldindx*A*q/p**R2
Jc(1,2:5)=-R3/R2*K*A*ss(1:4)/p/q*ldindx
Jc(1,6)=R0
Jc(1,7)=K*dgdp
Jc(2:5,1)=R0
Jc(2:5,2:5)=FOID(1:4,1:4)
Jc(2:5,6)=R0
Jc(2:5,7)=3.d0*G*ss(1:4)/q
Jc(6,1)=gamm*ldindx*py*A*q/p**R2
Jc(6,2:5)=gamm*ldindx*py*A*R3/R2*ss(1:4)/q/p
Jc(6,6)=R1
Jc(6,7)=-gamm*py*dgdp
Jc(7,1)=dfdp
Jc(7,2:5)=dfdss(1:4)
Jc(7,6)=dfdpy
Jc(7,7)=R0
call inverse7(Jc,inJc,7)
M(1,1:4)=K*SOID(1:4)
M(2:5,1:4)=R2*G*Id(1:4,1:4)
M(6:7,1:4)=R0
do k1=1,7
do k2=1,4
dev(k1,k2)=R0
do k3=1,7
dev(k1,k2)=dev(k1,k2)+inJc(k1,k3)*M(k3,k2)
end do
end do
end do
do k1=1,4
do k2=1,4
Dc(k1,k2)=dev(k1+1,k2)+Dev(1,k2)*SOID(k1)
end do
end do
Dc(1:3,4)=0.d0
Dc(4,1:3)=0.d0
do k1=1,3
do k2=k1,3
Dc(k2,k1)=Dc(k1,k2)
end do
end do
return
end subroutine
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APPENDIX B. GEOMECHANICAL SIMILITUDE OF DIFFERENT PARTICLE
SIZE DISTRIBUTION OF COALWASH
To study the impact of PSD variation on the geomechnical characteristics, the test
results of CW from this study are compared with findings from Tasalloti (2015). The
particle size distribution of CW used by Tasalloti (2015) and this study are shown in
Figure B.1.

Figure B.1 Comparison of particle size distribution of Dendrobium CW from this study
against Tasalloti (2015)

Table B.1 shows a comparison of geotechnical properties of Dendrobium CW among
different PSD. Tasalloti (2015) reported that the tests was carried out on samples of
RC93 and the specific gravity of the CW used as 2.27, which is slightly higher. The
permeability of RC100 of the current work are slightly lower than that of CW having
dmax =16mm. Despite PSD variation of CW, the critical state parameters such as critical
state friction angle, slope of critical state line in the e-ln p' space and specific void ratio
corresponding to p' = 1kPa are nearest to the finding from this study.
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Table B.1 Comparison of geomechanical properties among different PSD of
Dendrobium CW
Description of geomechanical
properties
Particle size distribution, dmax
(mm)
Maximum dry unit weight
(kN/m3)
Optimum moisture content (%)
Permeability at MDUW, k, (cm/s)
Specific gravity, Gs
Relative compaction, RC (%)

Tasalloti
(2015)

Current study

16.0

8.0

16.8

16.5

9.7

12.5

5x10-7
2.27
93

Initial void ratio, e0
′
Critical state friction angle, 𝜙𝑐𝑠

slope of critical state line in the
e-ln p', 𝜆
Specific void ratio corresponding
to p' = 1kPa

2.2x10-5

9.3x10-6
2.23

90

95

100

0.48

0.4

0.33

35.5o

34.8o

0.056

0.060

0.685
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2.4x10-7

0.66

0.64

0.62

